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Part I

Functional Inequalities
In this part we introduce the classical theory of functional inequalities in Markov processes, and
demonstrate how the Poincaré inequality and the log-Sobolev inequality play the important role in
the study of ergodicity. Contents in this part are based on [1, 2].

1 General Markov semigroups

We introduce the Markov semigroup, which serves as an alternative approach to characterize the
Markov process. In particular, it is useful in the study of the ergodicity of the Markov process. Let
(Pt)t>0 be the Markov semigroup corresponding to a Markov process {Xt}t>0 on E. If µ is the
invariant distribution, then (Pt)t>0 is a contraction semigroup on L2(E,µ).

1.1 Markov semigroup and invariant distribution

Let E be a Polish space, and {Xt}t>0 be the Borel measurable Markov process on E. The transition
probablity kernel pt(x, dy) thus satisfies the following conditions

• For each x ∈ E, pt(x, ·) is a probability measure on E;

• For each B ∈ B(E), pt(·, B) is a measurable function from E to R;

• For 0 < t1 6 · · · 6 tk and initial value X0 = x ∈ E, the distribution law of (Xt1 , · · · , Xtk) is

pt1(x, dy1)pt2−t1(y1,dy2) · · · ptk−tk−1
(yk−1,dyk). (1.1)

For such a Markov process {Xt}t>0, define the associated Markov semigroups (Pt)t>0 by

Ptf(x) := Ex[f(Xt)], t > 0, x ∈ E. (1.2)

The semigroup (Pt)t>0 has the following properties:

1. For each t > 0, Pt maps bounded measurable functions to bounded measurable functions;
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2. P0 = I is the indentity operator;

3. Pt(1) = 1, where 1 is the constant function;

4. (positivity preserving) If f > 0, then Ptf > 0;

5. (semigroup property) For t, s > 0, Pt+s = Pt ◦ Ps.

Another useful result is given by Jensen’s inequality. For any convex function φ : R→ R,

Pt
(
φ(f(x))

)
> φ(Ptf(x)). (1.3)

In particular, by choosing φ(x) = |x|p, one obtains

Pt(|f(x)|p) > |Ptf(x)|p. (1.4)

The Markov semigroup (Pt)t>0 induces a dual semigroup (P ∗t )t>0 acting on probablity distributions:∫
E

Ptf(x)ν(dx) =

∫
E

f(x)(P ∗t ν)(dx). (1.5)

Formally speaking, if ν is the distribution law of X0, then P ∗t ν is the distribution law of Xt.
It is often convenient to use a probability density to represent the Markov semigroup (Pt)t>0 or

the transirion kernel pt(x,dy). Recall that Pt and pt(x, dy) are related by

Ptf(x) =

∫
E

f(y)pt(x, dy). (1.6)

Let m be a reference measure on E, and assume pt(x, ·) is absolutely continuous with respect to m,
then there exists a density function pt(x, y) satisfying

pt(x, dy) = pt(x, y)m(dy), x, y ∈ E. (1.7)

Hence the Markov semigroup can be represented as

(Ptf)(x) =

∫
E

f(y)pt(x, y)m(dy), x, y ∈ E. (1.8)

In the viewpoint of {Xt}t>0, pt(x, y) is the transition probability density from x to y in time t.

Example Consider the standard Brownian motion Bt in Rd. The heat kernel pt(x, y) is given by

pt(x, y) =
1

(4πt)
d
2

exp

(
− |x− y|

2

4t

)
. (1.9)

Now we define the invariant distribution, which plays the central role in the study of the long
time behavior of a Markov process.

Definition 1.1 (invariant) Given the Markov semigroup (Pt)t>0 on the Polish space E, a proba-
bility distribution µ on E is said to be invariant for (Pt)t>0, if for any bounded measurable function
f : E → R and every t > 0, ∫

E

Ptf(x)µ(dx) =

∫
E

f(x)µ(dx). (1.10)
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An equivalent characterization is P ∗t µ = µ for any t > 0. The invariant distribution µ induces the
Banach space Lp(E,µ) with the norm

‖f‖Lp(E,µ) =

{(
µ(|f |p)

) 1
p , 1 6 p <∞

ess sup |f(x)|, p =∞
(1.11)

Integrating (1.4) with the invariant measure µ, one obtains∫
E

|Ptf(x)|pµ(dx) 6
∫
E

Pt(|f(x)|p)µ(dx) =

∫
E

|f(x)|pµ(dx), (1.12)

which can be equivalently written as

‖Ptf‖Lp(E,µ) 6 ‖f‖Lp(E,µ). (1.13)

For any 1 6 p 6∞, the Markov semigroup (Pt)t>0 is a contraction in Lp(E,µ).
To identify (Pt)t>0 as a contraction semigroup, we further require the following condition. For

each f ∈ L2(E,µ), Ptf converges to f in L2(E,µ) as t → 0. This usually reflects the reflects the
regularity properties of the associated Markov process {Xt}t>0. To this end, we claim that (Pt)t>0

is a contraction semigroup on the Banach space L2(E,µ).

Remark The definition of the contraction semigroup (Pt)t>0 relies on the invariant measure µ. For
particular Markov processes, for example, the overdamped and underdamped Langevin dynamics,
the invariant distribution µ can be explicitly derived.

1.2 Infinitesimal generator and Fokker-Planck equation

Let the associated Markov semigroup (Pt)t>0 be a contraction semigroup on L2(E,µ). Based on
the classical Hille-Yosida theory, (Pt)t>0 has an infinitesimal generator L on L2(E,µ). Formally,

∂

∂t
Pt = PtL = LPt. (1.14)

Formally, one may write the Markov semigroup (Pt)t>0 as Pt = exp(tL). Using the infinitesimal
generator L, the invariant distribution µ can be interpreted as∫

E

Lf(x)µ(dx) = 0, ∀f ∈ L1(E,µ). (1.15)

In (1.3), take the limit t→ 0. For any convex function φ : R→ R, one obtains

L(φ(f))(x) > φ′(f(x))(Lf)(x). (1.16)

If for some positive function f > 0, one defines the quantity

Λ(t) :=

∫
E

φ(Ptf)dµ, (1.17)

then

Λ′(t) =

∫
E

φ′(Ptf)LPtfdµ 6
∫
E

Lφ(Ptf)dµ = 0, (1.18)
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hence Λ(t) is decreasing in time.
The infinitesimal generator L also depicts the time evolution of the distribution law. For the

Markov process {Xt}t>0, assume the initial distribution is ν0 ∈ P(E), and the distribution law
of Xt is νt = P ∗t ν0 ∈ P(E). For any measurable and bounded function f on E, the evolution of
νt(f) :=

∫
E
fdνt is described via the Liouville equation,

∂

∂t
νt(f) =

∂

∂t
ν0(Ptf) = ν0(PtLf) = νt(Lf), (1.19)

or equivalently,
∂

∂t

∫
E

f(x)νt(dx) =

∫
E

Lf(x)νt(dx). (1.20)

To describe the dynamics of the distribution law in a more closed form, introduce the Fokker-Planck
equation. Given the reference measure, suppose the density of νt is ρ(x, t), i.e.,

νt(dx) = ρ(x, t)m(dx). (1.21)

When E = Rd is the whole space, m is usually the Lebesgue measure. The Liouville equation (1.20)
thus becomes

∂

∂t

∫
E

f(x)ρ(x, t)m(dx) =

∫
E

Lf(x)ρ(x, t)m(dx). (1.22)

If L∗ is the adjoint operator of L in L2(E,m), then ρ(x, t) satisfies the following PDE:

∂ρ

∂t
(x, t) = L∗ρ(x, t). (1.23)

The Fokker-Planck equation (1.23) describes how the density function ρ(x, t) evolves with time.
The operator L∗ can be seen as the infinitesimal generator of the dual semigroup P ∗t . The density
function of the invariant distribution can be solved from the PDE L∗ρ = 0.

1.3 Example: overdamped Langevin dynamics

The overdamped Langevin dynamics is the one of the most important stochastic dynamics in modern
physics. Let the state space E = Rd, and the reference measure m be the Lebesgue measure. Given
the drift b : Rd → Rd and the diffusion σ : Rd → Rd×l, consider the overdamped Langevin dynamics
given by the SDE

dXt = b(Xt)dt+ σ(Xt)dBt. (1.24)

Define the diffusion matrix a(x) = σσT(x), then the infinitesimal generator is

Lf(x) = b(x) · ∇f(x) +
1

2
a(x) : ∇2f(x), (1.25)

and the corresponding Fokker-Planck operator is

L∗ρ = −∇ · (b(x)ρ(x)) +
1

2
∇ · (a(x)∇ρ(x)). (1.26)

In other words, the carré du champ operator captures the second-order part of the generator.
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The overdamped Langevin dynamics (1.24) does not have a closed form of the invariant distri-
bution. However, if b(x) is in the gradient form and σ is constant, for example,

dXt = −∇V (Xt)dt+
√

2dBt, (1.27)

The invariant distribution is explicitly the Boltzmann distribution

µ(dx) =
1

Z
exp(−V (x))dx. (1.28)

2 Symmetric Markov semigroups

The symmetric Markov semigroup allows one to study the long time behavior of the Markov process.
If the invariant distribution µ is reversible, then the infinitesimal generator L is self-adjoint in
L2(E,µ). The spectral gap of L reveals the convergence rate to the equilibrium. The Markov triple
(E,µ,Γ) is sufficient to build a symmetric Markov semigroup.

2.1 Symmetric semigroup

Definition 2.1 (reversibility) The Markov semigroup (Pt)t>0 is said to be symmetric with re-
spect to µ (or µ is reversible), if for any f, g ∈ L2(E,µ) and t > 0,∫

E

f(x)(Ptg)(x)µ(dx) =

∫
E

g(x)(Ptf)(x)µ(dx). (2.1)

In terms of the generator L, the reversibility can be expressed as for any f, g ∈ L2(E,µ),∫
E

f(x)(Lg)(x)µ(dx) =

∫
E

g(x)(Lf)(x)µ(dx). (2.2)

In terms of the transition kernel pt(x,dy), the reversibility can also be written as

pt(x, dy)µ(dx) = pt(y,dx)µ(dy), (2.3)

which is known as the detailed balance condition.
Now we introduce the carré du champ operator, which will be useful in functional inequalities.

Definition 2.2 Given the Markov semigroup (Pt)t>0 and the infinitesimal generator L, the carré
du champ Γ operator is defined by

Γ(f, g) =
1

2

(
L(fg)− fLg − gLf

)
. (2.4)

The Dirichlet form is defined by

E(f, g) =

∫
E

Γ(f, g)dµ. (2.5)

It is clear that for symmetric Markov semigroups, Γ, E are symmetric in f, g and

E(f, g) =

∫
E

Γ(f, g)dµ = −
∫
E

fLgdµ = −
∫
E

gLfdµ. (2.6)

Starting from a symmetric operator Γ, one may determine generator L from (2.6) such that the
resulting Markov semigroup is symmetric. Therefore, it is equivalent to use a Γ operator or a
generator L to describe a symmetric semigroup. In the following (E,µ,Γ) is called a Markov triple.
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2.2 Spectral decomposition and ergodicity

When µ is the reversible measure, the generator L is self-adjoint in L2(E,µ). Therefore, the
spectral decomposition of L is available. Since (Pt)t>0 is a contraction semigroup in L2(E,µ), all
the eigenvalues of L are nonpositive. Suppose

−Lek = λkek, k > 0, (2.7)

where {ek}∞k=0 is the orthonormal basis of L2(E,µ) and λk > 0 is the eigenvalue. L has a trivial
eigenpair

λ0 = 0, e0(x) ≡ 0. (2.8)

The spectral gap is defined as λ1 > 0, the difference between the two eigenvalues of L. The spectral
gap characterizes the convergence rate to the equilibrium. Formally, given the smooth measurable
function f on E, define

u(x, t) = Ptf(x) = Ex[f(Xt)], (2.9)

then u(x, t) satisfies the PDE
∂u

∂t
= Lu. (2.10)

Assume the initial value u(x, 0) = f(x) can be decomposed on L2(E,µ):

u0(x) =
∑
k>0

ckek(x), (2.11)

then c0 is the inner product of f(x) and the constant function 1,

c0 =

∫
E

f(x)µ(dx) = µ(f). (2.12)

The general solution u(x, t) can be expressed as

u(x, t) = µ(f) +
∑
k>1

ckek(x)e−λkt. (2.13)

As t→∞, u(x, t) converges to µ(f) exponentially in the variance sense:∫
E

|(Ptf)(x)− µ(f)|2µ(dx) 6 e−2λ1t

∫
E

|f(x)− µ(f)|2µ(dx), (2.14)

In variance sense, the distribution law of Xt converges to µ exponentially, and the convergence rate
is exactly λ1 > 0. To study the long time behavior of the Markov process, the spectral gap of the
generator L in L2(E,µ) is the crucial quantity.

Note that the Dirichlet form E(·, ·) is also closely related to the spectrum of the generator L.
Recall that (ek, λk)k>0 is the orthonormal basis of −L, then

• E(ek, ek) = λk, k > 0;

• E(ek, el) = 0, k 6= l.

Therefore, E(f, g) can be seen as the weighted inner product. If the coefficients of f, g are fk, gk,

E(f, g) =
∑
k>0

λkfkgk. (2.15)
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2.3 Curvature-dimension condition

To describe the curvature-dimension condition, we introduce the Γ2 operator by

Γ2(f, g) =
1

2

(
LΓ(f, g)− Γ(f,Lg)− Γ(Lf, g)

)
. (2.16)

Take φ(x) = |x|2 in (1.16), one obtains

L(f2) > 2f(Lf) =⇒ Γ(f, f) > 0. (2.17)

We simply write Γ(f) = Γ(f, f) and Γ2(f) = Γ2(f, f), then∫
E

Γ(f)dµ = −
∫
E

fLfdµ,

∫
E

Γ2(f)dµ =

∫
E

(Lf)2dµ. (2.18)

The curvature-dimension condition is an important property to derive the functional inequalities.

Definition 2.3 (curvature) A diffusion operator L is said to satisfy the curvature-dimension
condition CD(ε,∞), for ε ∈ R, if for every function f : E → R,

Γ2(f) > εΓ(f). (2.19)

In Sections 3 and 4, we shall use the curvature-dimension conditions to derive the Poincaré inequality
and the log-Sobolev inequality, respectively.

2.4 Example: overdamped Langevin dynamics

Consider the overdamped Langevin dynamics (1.24). We shall show that the reversibility of invari-
ant distribution µ can be derived from a simple relation. Recalling the drift force b : Rd → Rd and
the diffusion matrix a : Rd → Rd×d, define the flux operator J(ρ) by

J(ρ) = b(x)ρ(x)− 1

2
a(x)∇ρ(x), (2.20)

then L∗ρ = −∇ · J(ρ), and the Fokker-Planck equation can be written in the conservation law

∂ρ

∂t
+∇ · J(ρ) = 0. (2.21)

Clearly, ρ(x) is the invariant measure iff ∇ · J(ρ) = 0. In the following, we show that ρ(x) is
reversibile if a stronger condition J(ρ) = 0 is satisfied.

Lemma 2.1 (reversibility) If ρ(x) satisfies J(ρ) = 0, then ρ(x) is reversibile.

Proof Let µ(dx) = ρ(x)dx be the invariant distribution. To show µ is reversible, note that∫
Rd

f(x)(Lg)(x)µ(dx) =

∫
Rd

f(x)(Lg)(x)ρ(x)dx

=

∫
Rd

gL∗(ρf)dx

= −
∫
Rd

g∇ · J(ρf)

=

∫
Rd

∇g · J(ρf).
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Here,

J(ρf) = bρf − 1

2
a∇(ρf) = J(ρ)f − 1

2
ρa∇f = −1

2
ρa∇f. (2.22)

Hence ∫
Rd

f(x)(Lg)(x)µ(dx) = −1

2

∫
Rd

ρ(∇f)Ta∇gdx = −1

2

∫
Rd

aij(x)
∂f

∂xi

∂g

∂xj
µ(dx), (2.23)

which is symmetric in the functions f, g. Therefore, ρ(x) is reversible. �

When the dynamics is driven by the gradient,

dXt = −∇V (Xt)dt+
√

2dBt,

the invariant distribution is µ(dx) ∝ e−V (x)dx, and the Γ,Γ2 operators are

Γ(f, g) = ∇f · ∇g, Γ2(f, g) = ∇2f : ∇2g +∇2V (∇f,∇g). (2.24)

If the potential function is strongly convex, i.e., ∇2V > κI, then the curvature-dimension condition
CD(κ,∞) holds. In most cases below, we deal with the overdamped Langevin dynamics.

3 Poincaré inequality

The Poincaré inequality provides a simple approach to characterize the spectral gap of the generator.
The good thing is that, the Poincaré inequality itself does not require the spectral knowledge
explicitly, thus can be proved via other approaches. In particular, the curvature-dimension condition
is convenient to verify the Poincaré inequality.

3.1 Poincaré inequality and spectral gap

For a probability measure ν on the Polish space E, define the variance of a function f ∈ L2(E, ν)

Varν(f) :=

∫
E

f2dν −
(∫

E

fdν

)2

. (3.1)

The Poincaré inequality w.r.t. a Markov triple (E,µ,Γ) is defined as follows.

Definition 3.1 (Poincaré) A Markov Triple (E,µ,Γ) is said to satisfy a Poincaré inequality
P (C) with constant C > 0, if for all functions f : E → R,

Varµ(f) 6 CE(f) = C

∫
E

Γ(f)dµ. (3.2)

When µ is invariant distribution, it is also convenient to define the covariance

Covµ(f, g) =

∫
E

fgdµ−
∫
E

fdµ

∫
E

gdµ. (3.3)

Just as E(f, g), Cov(f, g) has good spectral structure:
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• Covµ(ek, ek) = 1, k > 1;

• Covµ(ek, el) = 0, k 6= j.

Suppose f is decomposed as

f(x) =
∑
k>0

ckek(x), (3.4)

then the Poincaré inequality P (C) is equivalent to∑
k>1

c2k 6 C
∑
k>0

λkc
2
k. (3.5)

Therefore, the best constant C is C = λ−1
1 . If P (C) holds, then the spectral gap λ1 > C−1.

In the overdamped Langevin dynamics, E(f) involves ∇f , hence P (C) is about using derivatives
to control function values. By adding f to a constant value, its variance and Dirichlet form won’t
change. However, due to the spectral structure of bilinear functionals Cov and E , P (C) describes
the spectral gap of the generator L.

Lemma 3.1 A Markov triple (E,µ,Γ) satisfies the Poincáre inequality P (C) iff for any f : E → R∫
E

Γ(f)dµ 6 C
∫
E

Γ2(f)dµ. (3.6)

The inequality can be equivalently written as∫
E

Γ(f)dµ 6 C
∫
E

(Lf)2dµ. (3.7)

In the viewpoint of spectral structure, the eigenvalues of LHS and RHS are λk and λ2
k respectively.

Nevertheless, this result can be proved using standard PDE techniques.

Proof Assume µ(f) = 0. The method is to define the function

Λ(t) :=

∫
E

(Ptf)2dµ, (3.8)

and note that

Λ′(t) = −2

∫
E

Γ(Ptf)dµ, Λ′′(t) = 4

∫
E

(LPtf)2dµ. (3.9)

By condition

Λ′′(t) > − 2

C
Λ′(t), ∀t > 0, (3.10)

hence Λ′(t) decays to 0 as t→∞ exponentially, and Λ(t) converges to 0 exponentially. Then

Varµ(f) = −
∫ ∞

0

Λ′(t)dt 6
C

2

∫ ∞
0

Λ′′(t)dt = −C
2

Λ′(0) = C

∫
E

Γ(t)dµ. (3.11)

Formally, this equivalent form is using second-order derivatives to control first-order derivatives.�

10



3.2 Tensorization, curvature-dimension and bounded perturbation

The Poincacé inequalities are preserved under tensorization.

Theorem 3.1 (tensorization) If (E1, µ1,Γ1) and (E2, µ2,Γ2) satisfy Poincaré inequalities with
respective constants C1 and C2, then the product Markov triple (E1⊗E2, µ1⊗µ2,Γ1⊕Γ2) satisfies
a Poincaré inequality with constant C = max(C1, C2).

Γ1⊕Γ2 is defined as follows. If L1 has eigenvalues λ1
k on E1 and L2 has eigenvalues λ2

l on E2, then
L1 + L2 has eigenvalues λ1

k + λ2
l . Under the tensorization one has

E(f) =

∫
E2

E1(f)dµ1 +

∫
E1

E2(f)dµ2. (3.12)

The curvature-dimension condition is a sufficient condition for the Poincaré inequality.

Theorem 3.2 Under the curvature-dimension condition CD(ε,∞), ε > 0, , the Markov triple
(E,µ,Γ) satisfies a Poincaré inequality P (C) with constant C = ε−1.

Corollary 3.1 For the overdamped Langevin dynamics

dXt = −∇V (Xt)dt+
√

2dBt,

if ∇2V > κ > 0, then the P (κ−1) holds, and consequently the spectral gap λ1 > κ.

The result above seems not appealing because it requires the potential function V (x) to be strongly
convex. However, the bounded perturbation property of the Poincáre inequality allows us to deal
with more general cases.

Theorem 3.3 (perturbation) Assume (E,µ,Γ) satisfies P (C). If µ1 is a distribution whose
density h w.r.t. µ satisfies 1/b 6 h 6 b for some b > 0, then (E,µ1,Γ) satisfies P (b3C).

The proof is surprisingly elementary. Just use the fact that

Varν(f) =
1

2

∫
E×E

[f(x)− f(y)]2ν(dx)ν(dy), (3.13)

and the direct comparison between µ1 and µ. Using this result we can deal with more general
potential functions.

Corollary 3.2 For the overdamped Langevin dynamics

dXt = −∇V (Xt)dt+
√

2dBt,

if V = V1 + V2, where ∇2V1 > κ > 0 and |V2| 6M , then P (e3Mκ−1) holds.

3.3 Variance decay

The Poincaré inequality also yields the exponential decay of the variance in time.

Theorem 3.4 (variance) Given a Markov triple (E,µ,Γ) with the associated Markov semigroup
(Pt)t>0, the following assertions are equivalent:
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1. (E,µ,Γ) satisfies a Poincaré inequality P (C);

2. For every function f : E → R in L2(E,µ),

Varµ(Ptf) 6 e−2t/CVarµ(f). (3.14)

3. For every function f ∈ L2(E,µ), there exists a constant c(f) > 0 such that, for every t > 0,

Varµ(Ptf) 6 c(f)e−2t/C . (3.15)

We present a proof based on functional inequalities.

Proof Assume f satisfies
∫
E
fdµ = 0. Define

Λ(t) := Varµ(Ptf) =

∫
E

(Ptf)2dµ, (3.16)

then

Λ′(t) = 2

∫
E

PtfLPtfdµ = −2E(Ptf). (3.17)

The Poincaré inequality then implies

Λ(t) 6 −C
2

Λ′(t), (3.18)

which yields the exponential decay in Λ(t). �

As we have seen in Section 2, the variance decay∫
E

|(Ptf)(x)− µ(f)|2µ(dx) 6 e−2t/C

∫
E

|f(x)− µ(f)|2µ(dx) (3.19)

directly follows from the fact that the spectral gap λ1 > C−1.

4 Log-Sobolev inequality

The Poincáre inequality gives exponential decay in the variance. The log-Sobolve inequality intro-
duced is stronger and is able to give the exponential decay in entropy.

4.1 Log-Sobolev inequality and tightening

Given the positive function f on E, define the entropy of f with respect to a distribution ν by

Entν(f) =

∫
E

f log fdν −
∫
E

fdν log

(∫
E

fdν

)
. (4.1)

It’s easy to see for any c > 0, Entν(cf) = cEntν(f). Therefore, we can always rescale f to satisfy∫
E

fdν = 1, (4.2)

so that f(x) can be viewed as the probability density in the reference measure ν. In this case,
Entν(f) is exactly the entropy of the density function f .
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Definition 4.1 (log-Sobolev) A Markov triple (E,µ,Γ) is said to satisfy a log-Sobolev inequality
LS(C) with constant C, if for any function f : E → R,

Entµ(f2) 6 2CE(f). (4.3)

Like the Poincaré inequality, a sufficent condition of LS(C) is as follows.

Lemma 4.1 A Markov triple (E,µ,Γ) satisfies a log-Sobolev inequality LS(C) for some C > 0 if∫
E

fΓ(log f) 6 C
∫
E

fΓ2(log f)dµ (4.4)

for every positive function f .

This result is convenient for the application of the curvature-dimension condition.

Theorem 4.1 The log-Sobolev inequality LS(C) implies the Poincaré inequality P (C).

Proof Apply LS(C) with f = 1 + εh where
∫
E
hdµ = 0. As ε → 0, it can be checked using the

Taylor expansion

Entµ(f2) = 2ε2

∫
E

h2dµ+ o(ε2). (4.5)

On the other hand, E(f) = ε2E(h), hence

2

∫
E

h2dµ 6 2CE(h), (4.6)

which implies the Poincaré inequality P (C). �

4.2 Tensorization, curvature-dimension and bounded perturbation

Theorem 4.2 (tensorization) If (E1, µ1,Γ1) and (E2, µ2,Γ2) satisfy LS(C1, D1) and LS(C2, D2)
respectively, then the Markov triple (E1⊗E2, µ1⊗µ2,Γ1⊕Γ2) satisfies LS(max(C1, C2), D1 +D2).

Using the equivalent form of the log-Sobolev inequality, it is easy to derive the log-Sobolev inequality
under the curvature-dimension condition.

Theorem 4.3 Under the curvature condition CD(ε,∞), ε > 0, the Markov triple (E,µ,Γ) satisfies
a log-Sobolev inequality LS(C) with constant C = ε−1.

Since CD(ε,∞) implies LS(ε−1), for every function f ,

Entµ(f2) 6
2

ε
E(f). (4.7)

For the general case CD(ε, n), the proof is more technical.

Corollary 4.1 For the overdamped Langevin dynamics

dXt = −∇V (Xt)dt+
√

2dBt,

if ∇2V > κ > 0, then LS(κ−1) holds.

13



Since LS(C) is stronger than P (C), we have the following estimates [3].

Corollary 4.2 For the overdamped Langevin dynamics

dXt = −∇V (Xt)dt+
√

2dBt,

assume ∇2V > κ > 0. Let λ(µ) be the best constant satisfying the Poincaré inequality

λ(µ)Varµ(f) 6
∫
Rd

|∇f |2dµ,

and ρ(µ) be the best constant satisfying the log-Sobolev inequality

ρ(µ)Entµ(f) 6 2

∫
Rd

|∇f |2dµ,

then λ(µ) > ρ(µ) > κ.

Similarly, the log-Sobolev inequality still holds under bounded perturbation.

Theorem 4.4 (perturbation) Assume that the Markov triple (E,µ,Γ) satisfies a log-Sobolev
inequality LS(C). Let µ1 be a probability measure with density h with respect to µ such that
1/b 6 h 6 b for some constant b > 0. Then µ1 satisfies LS(b2C).

Corollary 4.3 For the overdamped Langevin dynamics

dXt = −∇V (Xt)dt+
√

2dBt,

if V = V1 + V2, where ∇2V1 > κ > 0 and |V2| 6M , then LS(e2Mκ−1) holds.

Therefore, for the overdamped Langevin dynamics, the log-Sobolev inequality can be established.

4.3 Entropy decay

The crucial property of the log-Sobolev inequality is the exponential decay in entropy.

Theorem 4.5 (entropy) The log-Sobolev inequality LS(C) for the probability measure µ is equiv-
alent to saying that for every positive function f in L1(E,µ),

Entµ(Ptf) 6 e−2t/CEntµ(f), ∀t > 0. (4.8)

Proof Define the Fisher information of f w.r.t. ν by

Iν(f) =

∫
E

Γ(f)

f
dµ, (4.9)

then by direct calculation,
d

dt
Entµ(Ptf) = −Iµ(Ptf). (4.10)

Hence we only need to verify

Entµ(f) 6
C

2
Iµ(f), (4.11)
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which is equivalent to

Entµ(f) 6
C

2

∫
E

Γ(f)

f
dµ = 2C

∫
E

Γ(
√
f)dµ. (4.12)

Let f = g2, then it becomes

Entµ(g2) 6 2C

∫
E

Γ(g)dµ, (4.13)

which is exacly the log-Sobolev inequality. �

The convergence in entropy is a strong result. Let ν � µ with density f , then H(ν|µ) = Entµ(f).

‖µ− ν‖2TV 6
1

2
H(ν|µ), (4.14)

the exponential convergence in total variation can be obtained.

5 Summary

In this part we introduce two important inequalities: Poincaré inequality and log-Sobolev inequal-
ity to establish the ergodic properties of the Markov process. These functional inequalities yield
exponential convergence of the distribution law due to the following simple observation: the time
derivative of the function integrals automatically involve the derative integrals.

d

dt

∫
E

(Ptf)2dµ = 2

∫
E

(Ptf)(LPtf)dµ = −2

∫
E

Γ(Ptf)dµ. (5.1)

The curvature-dimension provides a sufficient condition to build the functional inequalities, which
estimates the convergence in the strongly convex case. The bounded perturbation of these inequal-
ities allow us to deal with more general potentials. The theory functional inequalities theory is
briefly summarized in the flow chart below.

strongly convex

∇2V > κ
⇒

curvature-dimension

Γ2(f) > κΓ(f)
⇒



Poincaré inequality

κVarµ(f) 6
∫
E

Γ(f)dµ
⇔

variance decay

Varµ(Ptf) 6 e−2κtVarµ(f)

⇑

log-Sobolev inequality

κEntµ(f2) 6 2

∫
E

Γ(f)dµ
⇔

entropy decay

Entµ(Ptf) 6 e−2κtEntµ(f)

Part II

Ergodicity of Particle Systems
We introduce several approaches to study the ergodicity of interacting particle systems using func-
tional inequalities. Our goal is to prove that the exponential convergence the rate of the interacting
particle system does not depend on N , when the nonlinear interaction part is not strong enough.
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6 Mean-field interacting particle system

Consider the interacting particle system (IPS) of N -particles in Rd:

dXi
t = −∇V (Xi

t)dt−
1

N − 1

∑
j 6=i

∇W (Xi
t −X

j
t )dt+

√
2dBit, i = 1, · · · , N, (6.1)

where V : Rd → R is the external potential and W : Rd → R is the pairwise interaction potential,
with W (x) = W (−x), i.e., W (x) is an even function on Rd. The invariant distribution of the
N -particle system can be explicitly written as

µ(dx) ∝ exp

(
−

N∑
i=1

V (xi)− 1

N − 1

∑
16i<j6N

∇W (xi − xj)
)

dx. (6.2)

Note that the condition W (x) = W (−x) ensures that µ is symmetric in all N particles. Our
question is, does the distribution law of the IPS (6.1) converges to its invariant distribution µN

with a convergence rate independent of N? This question is closed related to the uniform-in-time
propagation of chaos of dynamical particle systems, and one may refer to [4] for further discussion.

Formally, as the number of particles N → ∞, the IPS (6.1) converges to the mean-field limit,
which is a McKean-Vlasov process (MVP):{

dXt = −∇V (Xt)dt− (∇W ∗ µt)(Xt)dt+
√

2Bt,

µt = Law(Xt).
(6.3)

If the IPS has a convergence c uniform in N , then it reasonable to deduce that the MVP also has a
convergence rate c. Conversely, if the convergence rate of IPS is not uniform in N , then the MVP
cannot converge to the invariant distribution exponentially. It is worth pointing that the MVP can
have multiple invariant distributions (e.g., V is double-well, see [5]), hence it is necessary to require
the nonlinear interaction part to be not strong enough.

Now we present a historical review of the study of the ergodicity of the MVP (6.3).

1. Carrillo, McCann & Villani [6] (2003): Seminal work in the study of ergodic granular media
equations. When V (x) is uniformly convex and W (x) is convex, the free energy

F(ρ) =

∫
Rd

V (x)ρ(x)dx+
1

2

∫
Rd×Rd

W (x− y)ρ(x)ρ(y)dxdy +

∫
Rd

ρ log ρdx

minus its minimum has exponential decay.

2. Bolley, Gentil & Guillin [7] (2013): Extension of the work above. When V (x) is uniformly con-
vex andd W (x) is convex outside a finite region, the exponential convergence in Wasserstein-2
distance is proved. Note that by Talagrand’s inequality this is weaker than entropy decay.

3. Eberle, Guillin, etc. [8,9] (2011-2020): The reflection coupling is used to derive the geometric
ergodicity for the mean-field IPS (6.1) and the MVP (6.3) in the Wasserstein-1 distance. The
unifrom-in-time propagation of chaos can also be derived [11].

4. Guillin, Liu, Wu & Zhang [3] (2019): The functional inequalities are used to derive the
geometric ergodicity for the mean-field IPS (6.1) and the MVP (6.3) in the free energy and
Wasserstein-2 distance. Stronger than the results above.
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7 Convergence rate by Poincaré inequality

For convenience, define the total energy of the particle system by

H(x1, · · · , xN ) =

N∑
i=1

V (xi) +
1

N − 1

∑
16i<j6N

W (xi − xj), (7.1)

then if ∇2V > κ > 0 and ∇2W > 0, it can be verified that

∇2H > κI, in RNd×Nd, (7.2)

hence the curvature-dimension condition CD(κ,∞) holds for µ. Without these convexity conditions,
more meticulous estimates are required.

With the total energy H(x) defined in (7.1), the generator of the IPS is

Lf = −∇H · ∇f + ∆f, (7.3)

and our goal is to estimate the spectral gap of L in L2(RNd, µ) without the convexity assumption.
To achieve this goal, we derive the Poincaré inequality for the one-particle system, then generalize
the result to the N -particle system. The results in this part are mainly from [3].

7.1 Spectral gap of the single particle system

Consider to the overdamped Langevin dynamics in Rd given by

dXt = −∇V (Xt)dt+
√

2dBt, (7.4)

whose invariant distribution is dµ ∝ e−V dx. If the potential function V (x) is strongly convex,
the spectral gap can be estimated under the curvature-dimension condition. Under the general
dissipation condition, the result is stated as follows. Define the function b0 : (0,+∞)→ R

b0(r) = sup
|x−y|=r

−1

r
〈x− y,∇V (x)−∇V (y)〉. (7.5)

For example, if V (x) = |x|2/2, then b0(r) = −r. If the Lipschitzian constant

cLip =
1

4

∫ ∞
0

exp

(
1

4

∫ s

0

b0(u)du

)
sds < +∞, (7.6)

then we have the following estimate of the spectral gap (Theorem 1.1, [12]):

Theorem 7.1 The spectral gap of the generator L = −∇V · ∇+ ∆ on L2(Rd, µ) satisfies

λ1(µ) >
1

cLip
. (7.7)

It is worthing noting that the assumption on b0(r) is very similar to the function κ(r) in [8]. Both
results require the drift force to be dissipative to obtain contractivity.
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In the IPS, given the positions of the other N − 1 particles, the conditional distribution of
µ ∈ P(RNd) in the i-th particle is

dµi(xi|x̂i) ∝ exp

(
− V (xi)− 1

N − 1

∑
j 6=i

W (xi − xj)
)

dxi, (7.8)

and the associated energy function is

Hi(xi|x̂i) = V (xi) +
1

N − 1

∑
j 6=i

W (xi − xj). (7.9)

Note that µi is the conditional distribution rather than the marginal distribution µ, thus its defi-
nition relies on x̂i, positions of other N − 1 particles. Define the conditional generator

Li = −∇iHi · ∇+ ∆i, (7.10)

then Li is self-adjoint in L2(Rd, µi), and define λ1(µi) by its spectral gap. Under appropriate
conditions, we can derive uniform lower bounds for µi.

For the IPS, define the function b0(r) and the constant cLip,m as follows:

b0(r) = sup
|x−y|=r,z

−1

r
〈x− y,∇V (x)−∇V (y) +∇W (x− z)−∇W (y − z)〉, (7.11)

and

cLip,m =
1

4

∫ ∞
0

exp

(
1

4

∫ s

0

b0(u)du

)
sds < +∞. (7.12)

Using Theorem 7.1, we immediately obtain

Corollary 7.1 The spectral gap of the generator Li = −∇iHi + ∆i on L2(Rd, µi) satisfies

λ1(µi) >
1

cLip,m
. (7.13)

Therefore, we define the uniform upper bound of the spectral gap:

λ1,m = inf
16i6N,x̂i

λ1(µi) >
1

cLip,m
. (7.14)

7.2 Spectral gap of the interacting particle system

To begin with, consider the interacting particle system in a general form,

H(x1, · · · , xN ) =

N∑
i=1

V (xi) + U(x1, · · · , xN ), (7.15)

where all interactions are embedded in U(x). The corresponding invariant distribution is

µ(dx) ∝ exp
(
−H(x)

)
dx1 · · · dxN , (7.16)
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and its conditional invariant distributions are

µi(xi|x̂i) ∝ exp
(
− V (xi)− U(x)

)
dxi, i = 1, · · · , N. (7.17)

If there is a uniform lower bound on the spectral gaps of the conditional distributions µi, then the
spectral gap of the particle system can be obtained.

Theorem 7.2 Assume Z =
∫
RNd e

−Hdx and Zi(x̂i) =
∫
Rd e

−Hi

dxi are finite for any x̂i. Suppose

1. The conditional distributions µi satisfy the uniform Poincaré inequality, i.e.,

λ1,m := inf
16i6N,x̂i

λ1(µi) > 0. (7.18)

2. For some constant h ∈ R, (
1i 6=j∇2

ijU
)
Nd×Nd > h. (7.19)

Then the spectral gap λ1(µ) > λ1,m + h.

Proof The generator of the particle system is L = −∇H · ∇+ ∆, which is a self-adjoint operator
on L2(RNd, µ). Our goal is to establish the (dual) Poincaré inequality

(λ1,m + h)

∫
RNd

|∇f |2dµ 6
∫
RNd

(Lf)2dµ (7.20)

for all functions f : E → R. Using Bakry-Emery’s formula,∫
RNd

(Lf)2dµ =

∫
RNd

Γ2(f)dµ

=

∫
RNd

(
|∇2f |2 +∇2H(∇f,∇f)RNd

)
dµ

=

∫
RNd

(
|∇2f |2 +

N∑
i=1

∇2V (xi)(∇if,∇if)Rd +∇2U(∇f,∇f)RNd

)
dµ

Note that

|∇2f |2 =

N∑
i,j=1

|∇2
ijf |2 >

N∑
i=1

|∇2
i f |2. (7.21)

Define µ̂i ∈ P(R(N−1)d) to be the marginal distribution x̂i = (x1, · · · , xi−1, xi+1, · · · , xN ) (exclud-
ing xi), then µ(x) = µi(xi|x̂i)µ̂i(x̂i). Now we have the estimate∫

RNd

(Lf)2dµ >
N∑
i=1

∫
R(N−1)d

∫
Rd

(
|∇2

i f |2 +∇2V (xi)(∇if,∇if)Rd +∇2
i jU(∇f,∇f)RNd

)
dµidµ(x̂i)

+

∫
RNd

∑
i 6=j

∇2
ijU(∇f,∇f)dµ.

Using the uniform Poincaré inequality, one has∫
Rd

(
|∇2

i f |2 +∇2V (xi)(∇if,∇if)Rd +∇2
i jU(∇f,∇f)RNd

)
dµi > λ1,m

∫
Rd

|∇if |2dµi. (7.22)
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Moreover, using the assumption (7.19) one has∫
RNd

∑
i6=j

∇2
ijU(∇f,∇f)dµ > h

∫
RNd

|∇f |2dµ. (7.23)

Combining (7.22)(7.23) one obtains the desired result. �

Now write U in the form of pairwise interactions W . The main theorem is as follows:

Theorem 7.3 For the IPS (6.1), assume the following conditions:

(H1) The external potential V : Rd → R is C2-smooth, its Hessian ∇2V in Rd×d is bounded from
below, and there exists c1, c2 > 0 such that

x · ∇V (x) > c1|x|2 − c2, ∀x ∈ Rd. (7.24)

(H2) The pairwise poetntial W : Rd → R is even and C2-smooth, its Hessian is bounded and∫
Rd×Rd

exp(−[V (x) + V (y) + λW (x, y)])dxdy < +∞, ∀λ > 0. (7.25)

(H3) For the function b0(r) defined by

b0(r) := sup
|x−y|=r,z

−1

r
〈x− y,∇V (x)−∇V (y) +∇W (x− z)−∇W (y − z)〉, (7.26)

the Lipschitzian constant cLip,m is finite,

cLip,m =
1

4

∫ ∞
0

exp

(
1

4

∫ s

0

b0(u)du

)
sds < +∞. (7.27)

Then the spectral gaps of the conditional distributions µi has a uniform lower bound,

λ1,m := inf
16i6N,x̂i

λ1(µi) >
1

cLip,m
. (7.28)

If there exists a constant h > −λ1,m such that

1

N − 1

(
1i 6=j∇2

ijW (xi − xj)
)
Nd×Nd > h, ∀x ∈ RNd, (7.29)

then the spectral gap of the particle system satisfies

λ1(µ) > λ1,m + h >
1

cLip,m
+ h. (7.30)
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7.3 Explicit estimate of convergence rate

Surprisingly, the spectral gap estimate (Theorem 7.3) also tells the chaos property of the invariant
distribution µ.

Corollary 7.2 Under the conditions of Theorem 7.3, for any two bounded Lipschitz functions f, g
on Rd and i 6= j,

Covµ(f(xi), g(xj)) 6
cLip,m

(1 + cLip,mh)(N − 1)
(‖f‖2Lip + ‖g‖2Lip). (7.31)

Roughly speaking, two particles xi and xj become asymptotically independent at the rate 1/N .

We derive the explicit estimates of the spectral gap cLip,m.

Corollary 7.3 Assume there exists constants cV , cW , c1, c2 ∈ R and R > 0 such that cV + cW > 0

〈∇V (x)−∇V (y), x− y〉 > cV |x− y|2 − c1|x− y|1|x−y|6R,
〈∇W (x− z)−∇W (y − z), x− y〉 > cW |x− y|2 − c2|x− y|1|x−y|6R,

then b0(r) 6 −(cV + cW )r + (c1 + c2)1r6R, hence

cLip,m 6
1

cV + cW
exp

(
1

4
(c1 + c2)R

)
. (7.32)

8 Convergence rate by log-Sobolev inequality

Compared to the Poincaré inequality, the log-Sobolev inequality yields stronger convergence in
relative entropy. We establish the log-Sobolev inequality with a constant unirom in the number
of particles N in this section. Similar with the Poincaré inequality, we start from the log-Sobolev
inquality of the conditional distribution µi.

8.1 Zegarlinski’s condition

For a given distribution µ, recall that the log-Sobolev inequality is given by

Entµ(f2) 6 2Cµ(|∇f |2), (8.1)

or equivalently,
µ(f2 log |f |) 6 Cµ|∇f |2 + µf2 log(µf2)

1
2 . (8.2)

The best constant ρLS(µ) = 1/C satisfying the log-Sobolev inequality is called the log-Sobolev
constant. For the IPS, suppose the conditional distrubutions µi ∈ P(Rd) satisfy the uniform
log-Sobolev inequality, can we derive the log-Sobolev inequality for the particle system? This is
answered by the Zegarlinski’s condition.

Definition 8.1 (Zegarlinski) Given the distribution µ ∈ P(RNd), let µi = µ(xi|x̂i) ∈ P(Rd) be
the conditional distributions of µ. Define cZij to be the best nonnegative constant to satisfy

|∇i(µj(f2))
1
2 | 6 (µj(|∇if |2))

1
2 + cZij(µ

j(|∇jf |2))
1
2 (8.3)

for all smooth functions f(x1, · · · , xN ).
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It is easy to see cZii = 0. The matrix cZ := (cZij)N×N is called Zegarlinski’s matrix. cZ is uniquely
determined by the joint distribution µ. A sufficient condition of the Zegarlinski’s condition is

Lemma 8.1 If for any function g = g(xj) ∈ C1
b (Rd) on the single particle xj,

|∇iµj(g)| 6 cijµj(|∇g|), (8.4)

then cZij 6 cij.

The proof is the direct application of the Cauchy inequality. It is an interesting question to ask
what the inequality (8.4) tells about the conditional distribution µi. As an example, let (x, y) be a
joint random variable and consider the following inequality,

∂

∂x
E[g(y)|x] 6 cE[|∇g(y)||x], ∀g ∈ C1

b (Rd), (8.5)

what does it tells about the conditional distribution p(y|x)? Assume p(y|x) has a density function
ρ(y − λx), where λ ∈ R is a parameter, then the inequality is equivalent to |λ| 6 c. That is to
say, the constant c characterizes how the conditional distribution p(y|x) is sensitive to the value of
x. The less c is, the less p(y|x) is sensitive to x. If the whole Zegarlinski matrix cZ is small, then
the N particles in the distribution µ become statistically irrelevant. In this sense, the Zegarlinski
controls the chaos property of the distribution, which allows us to derive the log-Sobolev inequality
of the N -particle system from the one-particle conditional distribution.

The main result of Zegarlinski is as follows (Theorem 0.1, [13]).

Theorem 8.1 (Zegarlinski) Let µi be the conditional distribution of µ in N particles. If

(1) µi satisfies a uniform log-Sobolev inequality, i.e.,

ρLS,m = inf
16i6N,x̂i

ρLS(µi) > 0. (8.6)

(2) The following Zegarlinski’s condition is verified

γ := sup
16i6N

max

{ N∑
j=1

cZji,

N∑
j=1

cZij

}
< 1. (8.7)

Then the Gibbs measure µ satisfies the log-Sobolev inequality

ρLS,m(1− γ)2Entµ(f2) 6 2µ(|∇f |2) (8.8)

for all smooth bounded functions f on RNd, i.e.,

ρLS(µ) > ρLS,m(1− γ)2. (8.9)

The proof is elementary algebra but a bit tediuous due to repeated usage of Cauchy inequalities.
We only breifly describe the proof here.
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Proof Using the uniform log-Sobolev inequality repeatedly, we only need to prove

N−1∑
k=0

µ|∇k+1(E1:kf2)
1
2 |2 6 (1− γ)−2µ|∇f |2. (8.10)

Using the Zegarlinski’s condition repeatedly, one has

|∇k+1(E1:kf2)
1
2 | 6

N∑
i=1

λ
(k+1)
k+1,i (E

1:k|∇if |2)
1
2 , (8.11)

where λ
(k+1)
j,i are defined by

0 6 λ(k+1)
j,k 6 δj,i +

k∑
n=1

(cZ)nj,i. (8.12)

The Cauchy’s inequality gives

µ|∇k+1(E1:kf2)
1
2 |2 6

N∑
i=1

λ
(k+1)
k+1,i

N∑
i=1

λ
(k+1)
k+1,iµ|∇if |

2 6 (1− γ)−1
N∑
i=1

λ
(k+1)
k+1,iµ|∇if |

2. (8.13)

Therefore,

n−1∑
k=0

µ|∇k+1(E1:kf2)
1
2 |2 6 (1− γ)−1

N∑
i=1

(N−1∑
k=0

λ
(k+1)
k+1,i

)
µ|∇if |2

6 (1− γ)−2
N∑
i=1

µ|∇if |2,

yielding the desired result. �

Lemma 8.2 For the Gibbs distribution µ, the Zegarlinski coefficient cZji satisfies

cZji 6
1

N − 1
cLip,m‖∇2W‖∞. (8.14)

Proof We briefly descibe the proof. By direct calculation,

∇jµi(g) = Covµi(g,−∇jH)

= Covµi(g,− 1

N − 1
(∇W )(xi − xj))

= − 1

N − 1
〈(−Lig), (−Lig)−1

(
(∇W )(· − xj)− µi

(
(∇W )(· − xj)

))
〉µi

= − 1

N − 1

∫
∇ig · ∇i(−Lig)−1

(
(∇W )(· − xj)− µi

(
(∇W )(· − xj)

))
dµi.

Since the operator (Li)−1 has an upper bound cLip,m, we have

‖∇i(−Lig)−1
(

(∇W )(· − xj)− µi
(
(∇W )(· − xj)

))
‖∞ 6 cLip,m‖∇2W‖∞. (8.15)

�
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8.2 Log-Sobolev inequality of the interacting particle system

Now we state the main theorem, which establishes the log-Sobolev inequality for the interacting
particle system.

Theorem 8.2 Assume that

(1) For some best constant ρLS,m > 0, the conditional marginal distributions µi = µ(xi|x̂i) on Rd
satisfy the log-Sobolev inequality

ρLS,m Entµi(f2) 6 2

∫
Rd

|∇f |2dµi, ∀f ∈ C1
b (Rd) (8.16)

for all i and x̂i.

(2) Zegarlinski’s condition

γ := sup
16i6N

max

{ N∑
j=1

cZji,
N∑
j=1

cZij

}
< 1. (8.17)

Then µ satisfies

ρLS,m(1− γ)2Entµ(f2) 6 2

∫
RNd

|∇f |2dµ, ∀f ∈ C1
b (Rd), (8.18)

i.e., the log-Sobolev constant of µ satisfies

ρLS(µ) > ρLS,m(1− γ)2. (8.19)

A sufficient condition of uniform log-Sobolev inequality is as follows. Assume ∇2W (x) > −K0 and

∇2V (x) > K, |x| > R. (8.20)

Write V = Vc+Vb, where Vc is strongly convex and Vb is bounded. By Bakry-Emery’s Γ2 criterion,

exp

(
− Vc(xi)−

1

N − 1

∑
j 6=i

W (xi − xj)
)

(8.21)

satisfies a log-Sobolev inequality with constant K1 > 0. The log-Sobolev inequality holds for µi

due to bounded perturbation.

8.3 Ergodicity of McKean-Vlasov process

We have proved that the IPS (6.1) has a uniform log-Sobolev constant

ρLS > ρLS,m(1− cLip,m‖∇2W‖∞)2. (8.22)

Consequently, one has the log-Sobolev inequality

ρLSEntµ(f) 6 2

∫
Rd

|∇
√
f |2dµ, (8.23)
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for all positive functions f . Assume µ(f) = 1 and define ν by ν(dx) = f(x)µ(dx), then the relative
entropy and the Fisher information of ν are

H(ν|µ) = Entµ(f) =

∫
f log fdµ, I(ν|µ) = E(

√
f) =

∫
|∇f |2

4f
dµ =

1

4

∫
|∇ log f |2dν. (8.24)

Then the log-Sobolev inequality can be equivalently written as

ρLSH(ν|µ) 6 2I(ν|µ), ∀ν � µ. (8.25)

As N → ∞, we expect the inequality has a mean-field limit, which tells the ergodicity of the
McKean-Vlasov process. To be clear, let ν ∈ P(Rd) be a distribution in Rd, we want to know the
mean-field limit of H(ν⊗N |µ) and I(ν⊗N |µ).

Mean-field limit of H(ν⊗N |µ) Let α(dx) ∝ e−V (x)dx be the reference distribution on Rd. Define
the free energy of ν ∈ P(Rd) by

Ef (ν) = H(ν|α) +
1

2

∫
Rd×Rd

W (x− y)ν(dx)ν(dy) (8.26)

= H(ν) +

∫
Rd

V (x)ν(dx) +
1

2

∫
Rd×Rd

W (x− y)ν(dx)ν(dy) + const. (8.27)

Moreover, define the mean-field entropy by

HW (ν) = Ef (ν)− inf
ν̄
Ef (ν̄). (8.28)

then we have the following:

Lemma 8.3 If ν ∈ P(Rd) satisfies H(ν|α) < +∞, then

1

N
H(ν⊗N |µ)→ HW (ν). (8.29)

Proof Define

Z̃N :=

∫
exp

(
− 1

2(N − 1)

∑
i 6=j

W (xi − xj)
)

dα⊗N , (8.30)

then

dµ =
1

Z̃N
exp

(
− 1

2(N − 1)

∑
i6=j

W (xi − xj)
)

dα⊗N . (8.31)

By direct calculation,
1

N
H(ν⊗N |µ) = Ef (ν) +

1

N
log Z̃N . (8.32)

As N →∞, (3.30) in [14] gives

lim
N→∞

1

N
log Z̃N = − inf

ν̄
Ef (ν̄), (8.33)

yielding the desired result. �
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The definition of the mean-field entropy HW (ν) first arises in [6]. The rigorous proof of (8.33)
requires the large deviation theory. In the viewpoint of propagation of chaos, (8.33) can be under-
stood as follows: if ν is the invariant distribution of the MVP, then uniform-in-time propagation of
chaos implies

lim
N→∞

1

N
H(ν⊗N |µ) = 0. (8.34)

Therefore, the infimum of the RHS of (8.33) is 0.

Mean-field limit of I(ν⊗N |µ) Define the mean-field Fisher information by

IW (ν) :=

∫
Rd

∣∣∣∣∇f(x)

f(x)
+∇V (x) + (∇W ∗ ν)(x)

∣∣∣∣2dν(x), (8.35)

where f = dν/dµ. We have the following result:

Lemma 8.4 If ν ∈ P(Rd) satisfies I(ν|α) < +∞, then

1

N
I(ν⊗N |µ)→ IW (ν). (8.36)

Proof By direct calculation,

1

N
I(ν⊗N |µ) =

∫
1

4

∣∣∣∣∇ log
dν

dα
(x1) +

1

N − 1

N∑
j=2

∇W (x1 − xj)
∣∣∣∣2dν⊗N (8.37)

The law of large numbers implies

1

N
I(ν⊗N |µ)→

∫
1

4

∣∣∣∣∇ log
dν

dα
(x1) +

∫
∇W (x1 − y)dν(y)

∣∣∣∣2dν(x1) = IW (ν). (8.38)

�

Now we state the main theorem.

Theorem 8.3 Assume the uniform marginal log-Sobolev inequality, i.e., ρLS,m > 0. Then

(1) There exists a unique minimizer ν∞ of HW (ν) over M1(Rd);
(2) The following (nonlinear) log-Sobolev inequality

ρLSHW (ν) 6 2IW (ν), ν ∈M1(Rd) (8.39)

holds, where
ρLS = lim

N→∞
ρ(µ) > ρLS,m(1− γ)2. (8.40)

(3) The following Talagrand’s transportation inequality holds

ρLSW
2
2 (ν, ν∞) 6 2HW (ν), ν ∈M1(Rd). (8.41)
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(4) For the solution of the McKean-Vlasov equation with the given initial distribution ν0 of finite
second moment,

HW (νt) 6 e
−tρLS/2HW (ν0). (8.42)

In particular,

W2(νt, ν∞) 6
2

ρLS
e−tρLS/2HW (ν0). (8.43)

Proof The log-Sobolev inequality gives

ρLSH(ν⊗N |µ) 6 2I(ν⊗N |µ). (8.44)

As N →∞, one obtains
ρLSHW (ν) 6 2IW (ν). (8.45)

Using
d

dt
HW (νt) = −4IW (ν), (8.46)

one obtains the exponential convergence of νt. �

A Subjective commentary

This paper provides an alternative approach to establish the ergodicity of the IPS and the MVP,
connecting the geometric ergodicity and the propagation of chaos in the non-convex case. The idea
of proving the ergodicity of the IPS from uniform functional inequalities for conditional distributions
is very inspiring. Open question: is it possible to extend the conditional distribution approach to
more general interacting systems? Or systems with singular potentials?
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