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1. (10 pts) Compute the Fourier transform () of u(z) = T2 (Here we use the
x
following definition for the Fourier transform of L' functions

N _ —ix-€ d
a(§) /]Rd e "Su(r)de
and extend to tempered distributions.)
I SR [l BRI bR ) SE
(1) 7E3Z B 4P, Schwartz 25 L — I3 FLAF-RE M S8 2 9154 Bk 0 86 50

= {p € C*°(R;C) : sup [z"¢p (M) ()| < oo FHEATAEES n, m > 0 HAL ),

zeR

PR R U [R]. ST, 4 € S(R) I, ¢ [ n, m-Tu%L
1611, == sup "™ ()|
z€eR

AWK, 85, £ S(R) ErrblE X —M &

o
dip, )= > 27 nm_
)= 2, T

W (S(R),d) /& 584 L 87 H ({HAJE Banach 5¥[A]), HAE S(R) A

klim O = p = lim ek — @l = 0 RHAFATEEE n,m > 0 AL
H b

(2) S(R) EBI—ANEIEZR [ 2o — (f, p) LN, RAFE IR N 15

> el

o<n,m<N
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— i, E X S'(R) /& S(R) A IELLA M pR it 8] (BP0 = (a]):
S'(R):={f:SR)— C: fTESR) LM HiEL:},
TR G bR s ).
(3) Fourier Z#t .F : u — afE& S(R) RRBELZEMI. TRXHMEM f € S'(R), AIE X f 1)
Fourier A% 3 A /&
(fo)=(f,®), VpeSRY
g% f: R — C. T/ .Z RS (R) LRIZ MBS,
Aid, BAEE SO T ) B B AR, A I ID 2R

. X _ixgd _ d/ 1 _,L-xgd
/R;c2+1€ PR fpar 1t

Rl R @SR H (22 + 1)~ 1) Fourier Z# i xf € 3R .

R PATERITE (22 + 1)~ 1 Fourier 424, B

1 .
F(¢) = —i g,
(©) /R 241° v

A BN V)€ € REAAILEE. FEA BRI F(E) 1771
(1) e, TTLME F(§) %450

() =2 / S da.

FEEE (22 + 1)~ = [ et 0, T2 F(6) it
F(&) =2 / h ( / h eW“)dt) cos(&x)da
0 0
= 2/00 (/OO cos(fa;)emzdx> e tdt  (BIIRFF)
0 0
_ \/7?/000 \}ie_t_idt = 2\/7?/000 e du, (BeTC t = u?)

N H G — IR, € X



W F(E) =2vrG(

M’“

5), H.G(0) = YF. k& E|

1 _2_a
o= [ S

u?

a) + vaG'(a :/000<1—> v dy

_ /°° +zfd<u+f ) —0, (BUMEFIREIN co)
0

NITES]

FRIEAHGRIMA TR G(a) + vaG' (a) = 0, RIF2 5135

G(a) = \27?6_2\/6, a>0.

Ik F(€) = 2y/7G(5) = me k.

(2) BHE W F (&) Zfms, TRAYR®E <O0. ﬁfﬁ)‘(v%ﬁ?ﬁcjﬁéﬁ%?ﬂl%ﬁ‘u:
PR T, Forhy, vo S35l R IR EA E’J%

v =y U~s, {ZG(C |z| = RIm()/O},

v2={z¢€C:Im(z) =0,—R < Re(z) < R},

H.y1, o FIE A 5 A I 4

L]
-R L Ll R
R B Ko 2,
1 —iz€ 1 —iz€ . 1 —iz€ I3
s——e “dz+ [ —5——e " dz = 2miRes e ot =me (1)
A N 2+ 1 2=+
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F—T7H, v Ay BRI AT AT

1 ) 1 ™R
3 Im(2)¢
Ll > 16 iz dZ’ < /71 o2 le (=) d|Z] < 2

1 —iz€ n 1 —ix§
z2+1€ dz = $2+1e dx.
Y2 —R

BRI ZE (1) tH4 R — oo AT LSS

1 )
_ —iw§ _ €
F(f)/RxQHe =met,  £<0.

BT F(€) RABREL, (E— W& T F(E) = me kL.
BJE, W F() WS M A3 5] 2(22 + 1)~ [ Fourier 2544

- d
/R xzi 167m£d33 = zd—éF(f) =| —imsgn(€)e

Hod sgn(€) Fow € IFF .
2. (10 pts) Compute the Fourier series
Z aneinx

of the characteristic function f of [—1, 1], that is,

1, if |z <1,
o

0, ifl1<|z| <.

Find all points x € [—m, 7| for which this series converges absolutely.

ST XA E I Fourier AR M08, B HIXEREE E R AME 10 2.

i BEROHERARE, SMEE € Z,

1
I : I -
an = — (x)e” " dr = — e™dr =< .
27 J_, P sinn
™’



BRIt f (x) 1) Fourier 0¥ 40

1 1 sinn g |12 >, sinn cosnx
I D e D D
n#0 n=1
N BRATRAE L HEAEAL T o JeAA LR S, H)
Z \smn;osnx\ oo 1)
n=1
WAEE x € [—m, 7] oL, HsL b A
o~ |sinncosnz| _ = sin®ncos’nz 1 o= (1 — cos2n)(1 + cos 2nz)
e
n=1 n=1 n=1
Jf .t Dirichlet 3570,
i 1 oo Z cos 2n Wik, Z cos 2nx ek, i cos 2n cos 2nx sk
n=1 n - 7 n=1 n=1 " '
K, —EA (1) oL, B Fourier R © € [—m, 7] AeIIAAERTUSEL. u

3. (10 pts) For all uy € C°(R), we define u(t,x) € C°>°(R?) as follows

ult,z) = jﬁ /R 59 0 (€)de.

Show that for all xg € R, the function t — d,u(t, zo) belongs to L%(R) and there exists a

constant ¢y > 0 independent of xg and wu, such that

/\6$u(t,m0)]2dt—co/\U0($)|2dx~
R R

DT AFIE I AR H 2 A TR 3 R B A, TR A M P T3 S A2 R 50 e
Ja AN Gy, BRI, B AR XA T

(1) (5 pts) For any uy € C2°(R), use Fourier transform to solve the linearized KdV equation:

ou  Pu

ot "o~
Show u(t,z) € C*(R?).



(2) (5 pts) Show that there exists a constant ¢y > 0 independent of z¢ and u, such that

/\8xu(t,:c0)|2dtzco/ |uo(2)[*da.

IEINARAE AT R 2% 3 B, XA RN SR KAV (Korteweg—de Vries!)
Ti R, R SRR K T NI R 2477 BRI 4G 18 2 Dirac BRI (z) I, T7HEH

— 2 8 A2
u(t,z) = 11Ai< x1>7
(3t)3 (3t)3

Hrr Ai(z) 22 Airy B3, How SN

[e's) 3
Ai(z) = 71r/0 cos <7§3 + a?t> dt,
BRI TR A (2) = zAi(x). — B, M7 RRVIIGIE R uo(x) B, FTFERIMEN
1 frz—y

- [ A - dy.
(30 Ja fx (<3t>3> ol
AR, i s AR A 7 P SRR 24 . TR EL o A7) 7 55 P (2, ) F) Fourier Bk
fi2 tHug € C(R) C S(R) AT KNG € S(R). MRHE u(t, x) KIS, A

u(t,z) 3m/ £ 3o g (8 de.

wﬂ / e-heittarath) o (ehye. (1)
HT -1 _131}0(5%)%@ e, BRI ME R Egaxicsh. Bk (1) A

1 1
et )l = o= [ 6 S dem e g € o aca

u(t,x) =

Xt x B HUR AT 5

Ou(t,z) =

SHERFS a > 0, 76 PGS e 5 HAUy, 749

. 2 . 1 1
f poautiorre 2‘“”—@ 5%‘%( / ”(f"”‘éadt) €8 =1 (€3 Yo (7% el

. -
SV [ et sentaed by e

w\r—‘

)dédn. (2)

Yde Vries &2 — MK, 2, Kevin de Bruyne % K /2 de Bruyne.
2 AZ# L Shigeo Tarama. “Analyticity of solutions of the Korteweg-de Vries equation.” J. Math.
Kyoto Univ. 44 (1) 1-32, 2004.



T8 (2) , BATEF Y 0 — oo I, SN [, |0,u(t, o) 2dt, TiATAS R A /Ee 5 E )
A B Dirac BECTIAE FR—AS— 4By, XA AR AL T B A, LA ) 75 2 T £ 5 38
S MHEMSERo< < i, A
. €75 —n73] —a(e- _
B Ve [ ey 7 =0 @
5% €, H 05 0 KB 4 M PEEE: [n] > 1¢) A [n] < 3¢,

o By > Lg| s, RIS

_1 _1 1 1
&7 —n7 3] |3 — &3] In —¢|
- 1 1 1 1,2 11 2
€17 €58 )5 (€|5TP |5 (65 + €55 +n3)
1
U 3 6lp—¢ls

i

|5r s — €5 [glsln -z Jg|TP
AT L 45

€ 3_77 3| -5E-m%q¢d
f//nl 1 [E1°(1+€2) ‘ <

ova [ sl senagay
w2 (€20 (1 + €2)

S A= AL TR

6 1 B
=4 T aag . ou Fe~2vd _
) W/le\2+6(1+€2) g/R‘”’ etdv (Btv = vau)
Cs
ar’

Hort Cp ZAUKIT 5 1 2L

<

o Hin| < 3¢, RIAARER

1

€75 sl <273, e BE <R



7 B4 51

’g 3_77 3‘ 7757] dd
f//n< Lig) 1€15( DN <dn

1 a
<2va [ : e~ £€ dedn
<3 el [n]5[€1P(1 4 £2)

2
2€§ 1 _a¢2
R 3

—6va [ [¢fi-0e i
R

6 .
= l_llg/R’“’?’_ﬁe_éuzdu (#I5 u = Vag)
a3 2
Cs

N T11ge

a3 2

Horp Cp ZURTT B 15 2L
255 I (a) M1 Ip(a) Wl THRT DAAS 2

— 1 1
f/ L] ‘2(5‘">2d£dn<06<1+ >
R2 iz

€1 +¢2) ats  qi—3P

M 51 BEAFE.

[F] 2555 (2). FEER
. 1 1
€ =) 1) < Ja)|€5 — p3],

I AE (3) LB = 0 T E
lim \/5// e 3 n—Fem 362 eintebnb)
a—00 R2

e H (2) AIERIMGTH: BE 2 € R, Ha — co Y,

i0(€3 )ao(n3)|dédn = 0.

/8xu(t,x)|2e_idt \/%/ ¢man e 260 (63)ag (03 )dédn + o(1).
R R2

AR HISRBL AT, TR 2

lao(n3) — @o(€5)] < Clns — €5,



7 (3) "L B = 0, Hi (4) AT BAfE 5]

/|8mutx e 2adt \/2(1// ' 57] e~ 56 ’uo % |d§dn+0 . ()

R, 6 (3) thELB = 1, th (5) AT LA E

2 a
[ ot )pesiar = 1o/ 2 [[ et ay(eh) Pagan + o)
R R2
/§ ’uo % ‘ dé +o(1

\ dé +o(1) (It e — €3)

1
23/ lug(x)|?dz 4+ o(1),  (Parseval &)
R

ESJ AR .
/\Bzu(t,x)|2eéadt: 1/ o () 2dz + o(1), (6)
R 3 Jr

FEMIN 4 a — oo, FHI I SAE BHAG 2

1
/lamu(t,x)\zdt: 3/ o () Pda.
R R

BRI 3 o = % [ |

4. (10 pts) Let f : Q@ — C be non-constant and holomorphic, where €2 is an open bounded

set containing the closed unit disk |z| < 1. Assume |f(w)| = 1 whenever |w| = 1, show
that f(Q2) contains the open unit disk.
S oMU R . BN T RO R O R, B4 Al R e A

3 P X I e KA s AR IR

MR LPAAR D = {2z € C: 2] <1}, HHBAND ={z € C: |2| <1}, W NOD = {z €
C:lz| =1). BT f(2) & D Fr4sim B AL S0 R 0D, FI f(2)7E D i K RiTE
oD E 3|, M
lf(z)| <1, VzeD. (1)
FEHEW f(2) 7 D A E . 0, f(lz) B D F 044 B L S B R b
lf(z)| =1, VzeD. (2)
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B (1)(2) AT | f(2)| = 1 £ D LAEROL, T f(2) 76 D BAEAH %, SEOFE.

FHUEY: % 5Hr € [0,1) BRRER o] < v, 7HE f(2) = wiE D WA, WAL
Jwl < 5, i f(2) = wfE D AR

1
2—r4+(1-r7)

MR R, (BRI o] < 5

r4+(1—r)

5, IR f(2) — wo 16 D 1R R, iK%
1
se D _ER) a2l B HIE SR 2T 5, R KRR 7 R R 20 € OD BXE. (K1

|f(20) —wo| < [f(2) —wo|, Vze€D. (3)

R 2AT, TTHE f(2) = rwo —EFE D WA, AR 21 € DERS f(21) = rwo. £ (3)
2 = 2, W18

| f(20) — wo| < (1 =7)wo| = 1= [f(20)| < (2 —7)|wol,

R 1 1
TREMEAIALEX Jwo| > 5= > 5= EnE FHTE.

TE X {100 WIF:

1
2—rp+ (1—ry)?’
MARIEECEE AN, SHEE n > 0F jw| < ry, THE f(2) = wE D WEfE

BJE, SRIEM lim r, = 1. @ an, =1 — 7y, W a, 2
n—oo

rn =0, Tn4+1 = n=0,1,---.

an(1+ ay)
1+ ap+a2’

FIL {an oo NI MRS, ELRIRN 0. B lim 7, = 1.
1T, T LAEWE B 1 O, TTAHE): XHERS jwl < 1, 78 (=) = wiE D WA W

0/0:1, an+1 = TL:O,I,"'.

5. (15 pts) Consider the following second order linear equation for real-valued u = u(z):

d2u du

(i) Prove that all nontrivial solutions have infinite number of zeroes on (1, +00).
(ii) Is it true that all nontrivial solutions must have finite number of zeroes on (0,1)?

(iii*) Is it true that there exists a nontrivial solution u € C2[0, +00)?
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ST R TR R RO R . X (1), RFE u(z) £ [4, 400)
ARTRETEIE, TR LB RN E R v(z) = logu(z). T (i), BROUH RFE T 7 AR
=0 RMABSERILT K, FEHAE v = 0MELLHT. B F5F 0 ) 72 (0 B Ta) )RS &
AR, IFERE A ARRE PR A A — 255035, (i) =23 E S —iE &,

R R, FE v =, MR T FE AT PAUS N T u, v B — M R M 7 2

u =,
v = 1(21} +u)
=— :

BRI ZEAR 5 2o € (0, +00) A48 T u(xo) M (o) = u! (o), J7FLHIMR AT LATELELES 51 (0, +o00).

(1) RFEW: SRR u(x) AUERE A > 2, u(z) fE [A, 400) LEDH —ANEH.
B0, A u(x) # 01E [A, +oo) FAERAL. TAERE X [A, +oo) L HISHAE K%L

u'(x)

w(@) = 4,

. AV
FRA W - ““uz)(“) WA () 76 A, -+oo) L2 I

- w(2). (1)
R FFE T .

o Hw(z) > ;f [F[A, +o0) FAEMEAT, M w'(z) < —w?(z) < 0 A A w(z) 7E [A, +00)
BRI, 2w, = hrfoow(x) e R, MIMRETTHE (1) H

- TN — 2
wgrfoow(x)— wy.

EHHTF w(x) Eaz — 400 RIS, WA w, = 0. MITIAFLE Ay > A, 5 4E > Ay i
HA wz) > —~. Ha > A, A%

w(n) — i) =~ [ W= | (Q“’(y) L w2<y>)dy

Yy
1 [*1 1 x
> — —dy = = log —.
/Alyy 2 %% A,

L x — oo, WA s TS A7 b A IR o0, FECTJE.

\V)
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o TRN% xye A +00) e w(zg) <

. N IHHIEEA:
B> 20 w() < -3, W) < —gud() 2)
ek, frE (1) T LAfE
w(a) = 2Dy ¢ 2O L g
= 2 (@) +1)* — J0t(a) < —pu(a).
{1 (2) BT BLE ) (i) < 3 7€ [, +o0) LAARE T, 4
xlzinf{x2x0:w(az) >—;}, (3)

W w(z) BESHE AT w(z) = — %@a (2) T4 o (21) < —%wQ(xl) _ _é.

Xj"ff'%' T € [xl,x1—|—5] %ILBEE_L 13'3( )%E

l\')\v—l\—/

I, ﬁf{5>0ﬁﬁ=w( ) <

FR ) < — L w(2) < —%wz(x) 7E [, +oc) LARRLE, BHLA

1 B 1 >x—w0
w(z) wzg) =~ 2

Xf @ € [xo, +00) fERAL. H & — +oo I, ¥ F M A K HUE] +o00, FET /.

ZRAE LA ERTHL w(z) AFTHETE [A, +o0) E—HAFLE, Bt u(z) 7 [A, +00) —EH F M.

(i) 1E#f. FLb, PradEEmyqE (0,1] L2266 . NIENIZ4E58, B EXNTr
FEM— 28280 Blo = o/, FFBEERT u, v FZIERIY T TE:

{u’m
v (z) = - (2v(z) + u(z)),
—logz, Mt € [0,+00) Hx =7t T7

du dudz et(t)
dz _ _ —+_ {dt dz dt

dt dv dv dz
) .
a = dwar - 2O —ul)

TS TR A B AR e ¢ =

12



R, BT R FRUERI A T 4518 25 u(t) M o(t) £t € [0, +o00) FiH @2 J7 18
u'(t) = —e tu(t),
V'(t) = 20(t) + u(t),

Hou(t) o) R NEREL, W u(t) £ [0, +oo) EEZ HE—AFE M.

R u(t) 7E [0, +00) L EEEA TN, W (4) SERPEAL. BN, ¥ to > 042 u(t) S/ME AL
Mt >t B, u(t) ATLAS N

Mt > to B, o(t) T2 T2

v'(t) = 2u(t) — /f e *v(s)ds. (5)

L0

AYiE v(te) > 0, W' (o) = 2v(te) > 0. FHIFKATUER: XF—VIt € [to, +00) #A v/ (t) = 0.
AL, AT E S
t1 =inf{t; > to : v'(t) < 0},

WIEH o () BRI o' (81) = 0, BN ¢ B/, Xt € [to, t1] S8 v/ (¢) > 0. AT o(t)
TE [to, t1] LI, (H2& REEX(G)F

t1 t1
20(ty) = / e *u(s)ds < / e Su(ty)ds = (e~ — e M)u(ty),
to to

T v(t1) <0, E5 v(t1) > v(to) > 0T E.
LIRS — ) t € [to, 00) #H v/(t) = 0, NG v(t) > 0%F ¢ € [to, 00) fHIAL. 1T

u'(t) = —eu(t) <0, V= to,

IR u(t) 7E [to, +-00) L™ k& BB, {H u(to) = 0, FTLA u(t) 7E (to, +00) LRI T E M.
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TEIZH] TR (4) £ u(0) = THAFF o(0) REIE 2 & ATUERITE WS «

MAEEZ A,

15

10 |

-10

15|

-20 ‘ : ‘
0 0.5 1 1.5
t
(i) FELE. A T MO R MO, e & = 0 MHE SRR 7 7

2w(z)+1

w'(z) = — w(x).

Bse w(a) AT AFE O AL e T i 2 4, B

X

oo
w(zr) = Z anz",
n=0

BIGh ay = —5. HRAHMBERN (1), wTLL35)

00 00 2
Z(n +3)apy12" = (Z ana:"> .
n=0 n=0

LB m s ™ B R, TSR] {ay, boo ) AIEHEA S
In+1 = 5 U A —F -
n+3 Pt

14



1M 55— 77, Catalan £ {b,, }°° i /& bp = 1, HIEHEA AN

n+1 Z bkbn k-

BRI G B2 VA 9932, A |an| < by TEREOE. 13 E 2] Catalan £ A2 AR 02

o0

1—+1—4x n
n=0
AR B w(z) AR AT
= IS /5 e
z)| < ;an’x < T oy
MM w(z) 78 [0, 5] L6, BT BUE RE {an 52, ME— 2.
ﬁ*ﬁ&m@pJﬁgﬂﬂmmENQL%%ﬁﬁﬁ

w(z) = exp (/Oxw(y)dy>, z € [0, é}

B 13 K () S [§, +-00) RIS BT RN .

6. (15 pts) Let p € [1,00) and {f,,}52; a sequence of functions in LP(R) such that f, — f

a.e. and f € LP(R).

(i) If p € (1,00), prove that if sup,, ||fnll» < 00, then f, converges to f weakly, i.e., for

any g € L(R) with ¢ = 55,

lim fngdx—/fgdx.

n—o0

(ii) Show that the result in (i) does not hold when p =1, ¢ = o

ST A S XE R I SEAR R AUEE, (1) MR AT RA S AN g A2 TR R B RN T, ALH

Egorov &R 1] 58 IR, (i) B 545 #4042 5 DL ).
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& (i) AWk f = 0. JeiEa 5] 2
SIF % E C REARMELSE, E ERREI{ f}02, e

sup anHLp(E) < 400, fn—0ae inFE,
i

lim fndx = 0.

n—00 E

45 Egorov B, XMERE 6 > 0, fF/E LR Es C Eff18 m(Es) < 4§, H f, /£ E\Es £—
USRI 0. Hk, f77E N € Nffif3 2 n > N B,

|fn(x)’ <9, xr € E\E(;.
HT fo 7 E LRSS N

/ fndx = fndx +/ fnda,
E E§ E\E5

TRMn > NI, R Holder A% UH

[ ifdae < [ Ul /| 1l
< [ xa@ih@lio+ [ b

E\Ejs

([ XE(S(:E));( / rfn<x>|f’dx)’l’ + m(E)

< C87 +m(E)s.

H1T 0 ATEAICEME R /INIAE, 51 BEAFE.
R 51 BRI, A SR AT, R ek K g, #OH

lim / fngdx = 0.
n—oo JR

R, R g € LI(R), W) A5 S ) 5 e85 { g Jo—y, 145

sup [|gm|l p« < +00,  gm — g in LY(R).
m

16



FRARER M

[re

</|fn||g_gm|dx+‘/fngmdx
R R

< </R|fn|pdx)’l’(/R|g—gm|w)é "

Ln = 00, BT [y fgmda S0 0, L

< C(/ lg —gm|qdm>q.
R
2 m — oo BRI [ frngda WWELE] 0.

Bg(x) =1€ L>R), M

/ fngmdx
R

lim ‘/fngda:
n—oo R

dx > 0.

n—00 2

lim [ fula)gta)de = /R

1+x

RIEAE p = 1, ¢ = oo IFE5 IR AR n

7. (15 pts) Assume that n > 2, p € (1,2), and q € [p, +o0].

(i) Show that there exists a constant C' (may depend on p,g,n) such that for all radial
function f € C2°(R™\B), there holds

11l zagny < Cllifllwr@ny-

Here B is the closed unit ball in R™.
(ii) Show that F has a compact closure in X. Here X is the closure of {f € C°(R™\B) :

f is radial} under L®°(R™)-norm and
F={feC>R"\B): f is radial and || fllyy1gny < 1}-

DT AEAE, fRRRREBOX SRR A, (i) FEAIT Sobolev IRAANGE L,
A FA 170 bR KA 1 7T UK FL A Oy — R AR 3 (i) AOAZ 02T X Arzela—Ascoli
SERL A Frp ek A 55 LS — 0 FORIE] F AR R,

17



& (1) 2 f(z) € COR™\B) EREHI, 4 f(2) = g(l2]), JH g € C2((1, +00)). LA

Vi) =g(lz]) =, «cR"\B,

o
e N
[ @rae = [ latabls =, [ g,
| Vi@ = [ 1gGaras e, [l wpar
Sty > 0 R SRR TR, B DLV F TR 3 2

o lg(r)| < C</Ioo " Hlg(r) P + |g'(r)|p)dr> g (1)
(/100 7“"1‘9“")“’@“); <C ( /100 1 (lg(r) P + 14 (r) rp)dr) g 2)

X FEANAKI T g WL C B, N AW
[ e 1o Py =1
MR TR (1) 1 (2) Bk A 5. ST (), Bl >r > 16
o)~ ) = [ s
(R, #R 4R Holder A% AT LA 2

lg(r1) —g(r)] < / 19’ (s)|ds

! % 71 n—1 P
< (/ s”1|g/(s)\pds> (/ Splds>

p—1

p—n % Y
< C(TP*1 -] ) . (3)
B, Yn > 20, X HERFEH
p—ngp—2 0.
p—1 p-1
KR4 1 — 0o, T2
g <Crv, r>1



R, g(r) < COHEM r > 1L, M (1) £
RAE (2), RAGERE M ¢ = p i, H g(r) B R LG5

/ P g(r)|4dr < c/ " g(rPdr = C.
1 1

BRI (1)(2) $9RL, AR (1) FHE.
(i) & JekHE S X KIEHE.
SIFE 1 & WA X 2 (1, +oo) FIES: Hoim s kU821 o (1) s Fiie, B

X = {geC((l,—i—oo)) hmg(r)* lim g(r) = 0},

T—+00
M X & C°((1, 4+00)) 7E L°((1, +00)) & X R HIHIAL.

wHEH X ZWE, B CX((1,4+00)) € X, M C2((1,+00)) € X. FHIEH X € C2((1, +00)),
B X A AT = B BT T DA (1, 4-00) BRI RS R —FuE . R TR R — MH S 45

W X AT R AT DY (1, 4o0) ERBELLE R —B0E. X2 N, AT (1, +00)

b HESE SRR g(r) AT U Gauss B

2
= 262) (s)ds

g5(r) = \/%5
— 08, HH Y6 /N gs(r) FISCEBETE (1, 400) H.
Mg(r) e X I, SHMEE e > 0, 766 > LM R > § 1§13

lg(r)| < g, SHER r € (1,0] U[R, +00).
TR g5 (r)
2¢(0) 1) )
— =3 —<rg
) " 2 ’ e 2 TS 67
gs5(r) = 9(r); #6<r <R,
g(R) —g(R)(r —R), #H#iR<r<R+1,
0, He,

M2 B B0AIE |g(r) — gs(r)| < e fEr € (1, +o0) FAEMAT, H gs(r) BISCHEERETE (1, +00).
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BT RIRATHKALRAT L Arzela—Ascoli & Fi:

B3R 2 WU F X T2 DL N 44
o —HBR. FEM > 0117 ||g]| o <MIFTHge FROL.
o —HETR. MMEE e >0, fFLES > 1A R > § fiif5

lg(r)| <e, MHTH r € (1,8 U[R, +00) KL

. PIAEREES. MEM R > 6 > 1, F R 88 g 76 (6, R) L2 REEL:,

BIXHERE e > 0, fF7E0 > 0 M5 Y ry,re € [0, R] H |r1 —ma| < 5B, |g(r1) —g(r2)| < e
XHETH g € F ROL.

W FAE X o AR, B PR AR

BEUERAT X Arzela—Ascoli B #, HFFIEH: SHMEE e > 0, /778 X FHIA RN RN e B9
BB P, B, R 80, TR > 6 > 1615

90 < 5. AP 7€ (1,8]U (R, +o00) Fl g € F RS (4)

B, F T A BRELE [0, R] B 2 —BUF SN SE BEE L 12644, Ik & B Arzela—Ascoli
TEB, Fis g £ L([0, R]) AR K. BET0 F|5, 5 7T ABE L([6, R]) FAHBRAFA24 §
FFERAE 55, RIAETE L°([0, R)) FHIRES {gp H |, ERMMER g € F, #fFE ke {1, - K}

19(r) — gr(r)| < g ST 6 < r < RS (5)
N g (r) B SGEIEF R (1, +00). 8 X
gx(0) .
5_1(7“—1), 1l <r<d,
k(1) = 9 gi(r), FHo<r<R,
gk(R) = ge(R)(r —R), % R<r<R+1,

WK {50 (r) VL4 T X, HLFUEE (4)(5) Hesr, ST LA
lg(r) — Gr(r)| <&, XHTA r € (1,+00) L.
T, L {ge(r)H, i, e RERITER T VE & F R IATA BREL g 5 F AR,
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[ . (3) BABA T XMER R > 6 > 1, F P TA REUE [0, R] LRSS, F MR

—n =2 —n
|g(r)|<C’min{<1—rZ—1) P ,rpp}, Vr € (1, 4+0),

A F R REAE r = 1 r = oo Ab—Fuies 2] 0. PRIk, MRHE) L Arzela—Ascoli € 4,
F 1 X o o 5. u

8. (15 pts) Given a domain 2 C C and a point p € Q, define

c(p) = sup{|f'(p)| : f € (Q,D),},

where D is the open unit disk |z| < 1 and (£, D), is the set of holomorphic maps f : Q& — D
with f(p) =0.

(i) Find the value of ¢(p) when = C\{0, 1, 2}.

(ii) Find the value of ¢(p) when = D.

ST AR B R AR TAE (1) s — AN AR f(2), 615 f(p) = 0, FHM 2| =
VI ST [ f(2)] = 1. R %4 R 0 U2 Blaschke [N F, B f(2) = — 2 H f'(p) =

1—pz’
1 . o
7 MIEM 1/ (p)| < 1 RFHEHFH Cauchy #2752 BRI AT 58 k.

f# (i) HR4 Riemann (A £ S B, BT f(2) 0,1, 240N T 275 41, KRIIE f(2) 7T AR
PR BN S b T2 £(2) £ C L RA LKA, HRIE Liouville &3, f(2) JH Uk
. BT f(p) =0, FHik f(2) = 0. ?%ﬁ.

(i) BB, 24 |p| < LBF, ()] 9T RIS ——. B

_*7P

f(Z) - 1 —]32«"
0 f(p) = 0. B |2 = 104, 41
_ o lz=pl _ fz—pl
PN = =gl "Rl —a "

HURBCBURIN, 4 |2 < LI, 8 |f(2)] < 1, XEWRE f € (D, D),. M

o) _ 1

f'(p) = lim

z=opz—p 1—p?
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FFLL | (p)| %5 /0 T LAB Z] 1_1p2

F—J5H, AT | (p)| B ES, BEERRERI A & p € [0,1). XMEE f € (D, D),,
i Cauchy #17r A A1, XMEE R € (p, 1),

oy L f(2)
)= 5 2=k (2 —P)

BT |f(2)| < 1{E|z| = R LROL,

1 1 R [*7 1
! < — ——|dz| = / ————d#.
IO o b =0 | e

A R — 1, Biaf 53

' 1 /2” 1 1 /2” 1
)| < — - do = — de. 1
|f (D)l or Jo  |e? — p|? 21 Jo 1+ p?—2pcosb @)

ERFR AKX Ha > |b| I,

2
/ 1 40 — 27 ’
o a-+bcosf a2 — b2

1
1—p

2

P (1) FTRATR 3

1f'(p)] <

27

e AT, Bl c(p) = . -
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