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Abstract. The quantum thermal average plays a central role in describing the thermo-
dynamic properties of a quantum system. Path integral molecular dynamics (PIMD)
is a prevailing approach for computing quantum thermal averages by approximating
the quantum partition function as a classical isomorphism on an augmented space, en-
abling efficient classical sampling, but the theoretical knowledge of the ergodicity of
the sampling is lacking. Parallel to the standard PIMD with N ring polymer beads, we
also study the Matsubara mode PIMD, where the ring polymer is replaced by a con-
tinuous loop composed of N Matsubara modes. Utilizing the generalized I calculus,
we prove that both the Matsubara mode PIMD and the standard PIMD have uniform-
in-N ergodicity, i.e., the convergence rate towards the invariant distribution does not
depend on the number of modes or beads N.
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1 Introduction

Calculation of the quantum thermal average plays an important role in quantum physics
and quantum chemistry, not only because it fully characterizes the canonical ensemble of
the quantum system, but also because of its wide applications in describing the thermal
properties of complex quantum systems, including the ideal quantum gases [1], chemi-
cal reaction rates [2,3], density of states of crystals [4], quantum phase transitions [5], etc.
However, since the computational cost of direct discretization methods (finite difference,
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pseudospectral methods, etc.) grows exponentially with the spatial dimension [6,7], the
exact calculation of the quantum thermal average is hardly affordable in high dimen-
sions. In the past decades, there have been numerous methods committed to compute
the quantum thermal average approximately, and the path integral molecular dynamics
(PIMD) is among the most prevailing ones.

The PIMD is a computational framework to obtain accurate quantum thermal aver-
ages. Using the imaginary time-slicing approach in Feynman path integral [8], the PIMD
maps the quantum system in R%to a ring polymer of N beads in RN, where each bead
represents a classical duplicate of the original quantum system, and adjacent beads are
connected by a harmonic spring potential. When the number of beads N is large enough,
the classical Boltzmann distribution of the ring polymer in RN is expected to yield an
accurate approximation of the quantum thermal average. Since the development of the
PIMD in 1970s, this framework has been widely used in the calculations in the chemical
reaction rates [9-11], transition state theory [12] and tunneling splittings [13, 14]. Sev-
eral variants of the PIMD, the ring polymer molecular dynamics (RPMD) [15, 16], the
centroid molecular dynamics (CMD) [17,18] and the Matsubara dynamics [19,20], have
been employed to compute the quantum correlation function. Recently, there have been
fruitful studies on designing efficient and accurate algorithms to enhance the numerical
performance of the PIMD [21-24]. The PIMD can also be applied in multi-electronic-
state quantum systems, see [25,26] for instance. The general procedure to compute the
quantum thermal average in the PIMD is demonstrated as follows:

1. Ring polymer approximation. Pick a positive integer N and map the quantum
system to a ring polymer system of N beads, where each bead is a classical duplicate
of the original system.

2. Construction of sampling. Equip the ring polymer system with a stochastic ther-
mostat (e.g., Langevin, Andersen and Nosé-Hoover) so that the resulting stochastic
process samples the Boltzmann distribution of the ring polymer.

3. Stochastic simulation. Evolve the stochastic process with a proper time discretiza-
tion method, and approximate the quantum thermal average by the time average
in the long-time simulation.

The PIMD framework based on the ring polymer beads is referred to as the standard
PIMD in this paper.

Although the standard PIMD has become a mature framework to compute the quan-
tum thermal average, a rigorous mathematical understanding of its convergence is still
sorely lacking. A fundamental question is the dimension-free ergodicity, i.e., does the
stochastic process sampling the Boltzmann distribution has a convergence rate which
does not depend on the number of beads N? The property of uniform-in-N ergodicity
has been partially validated when the potential function is quadratic [27,28], but a rigor-
ous justification in the general case is still to be investigated.



X.Ye and Z. Zhou / Commun. Comput. Phys., 38 (2025), pp. 1355-1388 1357

An important goal of this paper is to justify the dimension-free ergodicity of the stan-
dard PIMD. Nevertheless, our proof mainly relies on an alternative PIMD framework,
the Matsubara mode PIMD, which is more convenient for analysis. As its name indi-
cates, this framework is based on the Matsubara modes [19,29] rather than the discrete
beads of the ring polymer. In the Matsubara mode PIMD, the ring polymer is expressed
as the superpositions of N Matsubara modes, resulting in a continuous imaginary-time
ring polymer loop rather than a ragged one (see Figure 3.2 of [19] for example). The Mat-
subara mode PIMD has a close relation to the standard PIMD, because the Matsubara
mode PIMD with suitable discretization is equivalent to the standard PIMD [29,30], ex-
cept for the minor difference in the mode frequencies. In fact, the standard PIMD utilizes
the normal mode frequencies [19], whose continuum limit give rise to the Matsubara fre-
quencies. It is also pointed in [29,30] that the standard PIMD has better performance than
the Matsubara mode PIMD in computing the quantum thermal average.

The main contribution of this paper is that we prove the uniform-in-N ergodicity
of the Matsubara mode PIMD and the standard PIMD, namely, the convergence rate
towards the invariant distribution does not depend on N, which stands for the number
of modes in the Matsubara mode PIMD and the number of beads in the standard PIMD.
The authors believe that this is the first dimension-free ergodicity result of the PIMD
in the form of the underdamped Langevin dynamics. Our proof strategies include the
Bakry-Emery calculus [31] and the recently developed generalized T calculus [32,33]. Tt
should be stressed that the convergence rate can still depend on the potential function
V(x) and the temperature, and in particular the convergence rate is exponentially small
in the low temperature limit. This is a common feature of the Bakry—Emery calculus with
a non-convex potential function, referring to Proposition 5.1.6 of [31].

The paper is organized as follows. In Section 2 we derive the Matsubara mode PIMD
from the Feynman path integral representation of the quantum thermal average. In Sec-
tion 3 we prove the uniform-in-N ergodicity the Matsubara mode PIMD and the stan-
dard PIMD. In Section 4 we implement the numerical tests to show the performance of
the Matsubara mode PIMD and the standard PIMD in computing the quantum thermal
average and validate the dimension-free ergodicity.

2 Derivation of the Matsubara mode PIMD

In this section we derive the Matsubara mode PIMD from the Feynman path integral
representation of the quantum thermal average. First, we show that the quantum equi-
librium can be equivalently interpreted as the classical Boltzmann distribution of a con-
tinuous loop representing the ring polymer in the position space. Second, we represent
the energy function £(¢) of the ring polymer loop in terms of the Matsubara coordinates
¢. Finally, we construct an infinite-dimensional underdamped Langevin dynamics to
sample the distribution exp{—£(¢) }, formulating the Matsubara mode PIMD.

Note that the our derivation does not rely on the normal mode transform, and is thus
different from the traditional ways to generate the Matsubara modes [19].
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2.1 Quantum equilibrium as the Boltzmann distribution of a continuous loop

We consider the quantum system in R? given by the Hamiltonian

N

A="-1V(9), (2.1)

where 4 and p are the position and momentum operators in R?, and V(-) is a real-valued
potential function in R?. When the quantum system is at a constant temperature T=1/p,
the state of the system can be described by the canonical ensemble with the density op-

erator e PH, and thus the partition function Z =Tr [e*ﬁH ]. The quantum thermal average
of the system means the canonical average of an observable operator O(4), namely

_ Tele PO(g)]

e (2.2)

(O())p

Here, we assume the observable operator O(4) depends only on the position operator 4,
where O(+) is a real-valued function in R

Utilizing the Feynman path integral [8,34], the partition function can be interpreted
as the integral with respect to a continuous loop x(7) in RY parameterized by 7 € [0,]:

Z:Tr[e_ﬁH]:/exp{—é’(x)}D[x],

where D|[x] is the formal Lebesgue measure of the continuous loop in IR¢, and the energy
functional £(x) is defined by

E(x)= ;/Oﬁ|x,(T)|2dT—|—/OﬁV(X(T))dT. (2.3)

As a consequence, the quantum canonical ensemble e BH is exactly mapped to a classical
Boltzmann distribution of the continuous loop x(7) with the energy £(x). Finally, the
quantum thermal average (O(4))s can be formally written as

0= [ |5 o(e)ar|exp(-e )l 24

2.2 Represent the energy function with Matsubara modes

Consider the following eigenvalue problem with periodic boundary conditions:

_Ek(T):w]%Ck(T)l TEC [OI,B]I k:0/1/21"'/
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where the eigenvalues and eigenfunctions are explicitly given by

CUO:O, C()(T)I\/g,'

2kt 2 . (2knt
wzk—lz? c1(T)= ﬁ51n< 5 >, k=1,2,---;

2k 2 2k
ka:’Bﬂ, cZk(T):\/;cos <;;T), k=1,2,---

The eigenfunctions {c(7)}?>, form the orthonormal Fourier basis of L?([0,8];R), and
thus any continuous loop x(-) can be uniquely represented as

x(7)= i@kck(ﬂz T€0,B],
=0

where {Z;}% in R? are the coordinates of x(-) in different Matsubara modes. Con-
versely, for a given continuous loop x(-), the Matsubara coordinates are calculated from

B
gk:/ 2(T)ep(t)dt, k=0,1,2,--.
0

Utilizing the Matsubara coordinates, the energy function £(x) in (2.3) is written as
£@)=; Latltl v, with V@)= [V(Laam ) @9
k=0 k=0

and the target Boltzmann distribution is formally given by exp{—£(¢)}.

2.3 Formulation of the Matsubara mode PIMD

In the following, we construct an infinite-dimensional Langevin dynamics to sample the
Boltzmann distribution exp{—&(¢)}. Without any preconditioning, the vanilla under-
damped Langevin dynamics for sampling exp{—& (&) } reads

Sk="1lk
p . 2.6
{mwm [ ovixnatdT e b, o

where >0 is the damping rate on each mode, {7;};>, are the auxiliary velocity vari-
ables in RY, and {Bk}i"zo are independent Brownian motions in R?. However, the high-
frequency modes in the energy function £(¢) poses the infamous stiffness problem [27,35]
in the time discretization of (2.6): the time step needs to be extremely small to stabilize of
the high-frequency part of the dynamics.
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In this paper, we employ the preconditioning [27,36] to scale the internal frequencies
of the Matsubara modes. Introduce a >0 and rewrite the energy function £(¢) as

[ee]

£0)=5 et alef+1@), with V@)= [[v'( Do )ar, @)

k=0
where the potential function V?(q) := V(q)—a|q|*/2. The positive coefficient w?+a on
each mode indicates that it is reasonable to apply the preconditioning
ék - Uk/
(2.8)

B 27
e dr— B
/Ov (x(7))ee(t)dT— 7+ Sl

which is an infinite-dimensional Langevin dynamics of the mode coordinates {Gi } 2.

Remark 2.1. If we neglect the gradient term in (2.8), the dynamics of (¢, 7x) reads
Gk ="k,

27 .
o a /7]3 ,
k=—Ck— Yk + P k

which is a underdamped Langevin dynamics in RY x RY with the invariant distribution

w?+a
exp{ - L () |

Clearly, the preconditioning removes the stiffness of all Matsubara modes, and O(1) time
step is applicable for the time discretization.

Remark 2.2. The constant a > 0 is to ensure the frequency of the centroid mode (k=
0) is nonzero, so that the preconditioning can be applied on all Matsubara modes. An
alternative preconditioning scheme for (2.6) without introducing a is defined as:

¢o="1o,
B ) 2.9
o= _\}B/o VV (x(7))dT — 10+ /27Bo, 29)
Ck ="k,
k=1,2,---. (2.10)

1 B 27 .
WkI—Ck—*z/ YV (x(1))ex (t)dT— i+ LBy,
wk 0 Wi

Moreover, the preconditioned Matsubara mode PIMD (2.9) and (2.10) can be employed
in quantum systems defined on a periodic torus space T.
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2.4 Implementation of the Matsubara mode PIMD in finite dimensions

At this stage, the infinite-dimensional Matsubara mode PIMD (2.8) is completely formal,
and neither its existence or well-posedness is not justified. For the purpose of numerical
simulation, we need to truncate the number of Matsubara modes in (2.8) to a finite integer
N. In this case the continuous loop x(7) is truncated as

N-1
xn(T) =) &e(t), T€E[0,p],
k=0

and the potential energy of the loop in (2.7) is replaced by

B B N-1
Vﬁ,(@)::/o V“(xN(T))dT:/O V”( Zé‘kck(r)>dr, FeRN, (2.11)
k=0

However, even for a finite N, the integral in (2.11) does not have an explicit expression,
and the numerical integration is required to approximate V{;(¢). Let D € N be the dis-
cretization size in the interval [0, ], then we obtain the approximation

D—-1 N-1
VR(&) =V p(&):=pp ), V“( ) Ckck(]'ﬁD)>, FeRN, (2.12)
=0 k=0

where Bp=p/D. The gradients of V{; ,(¢) with respect to each ¢ are correspondingly

N-1
VeVip(@)=Bp ), VV*(xn(jBp))ek(jBp), k=0,1,---,N—1.

j=0

Remark 2.3. We do not select the high-order numerical integration schemes mainly be-
cause the continuous loop xn/(7) becomes ragged when the number of modes N is large.
The low-regularity of xx(7) makes it ineffectual to apply high-order integration.

With the potential function V§, (¢), the Matsubara mode PIMD (2.8) is approximated as

ék:r/k/
. PBp D1 , _ 2y, k=01 ,N-1,
k== wgﬂjZOVV (ox (iBo))ex(iPo) =it | 7 B

(2.13)
whose invariant distribution is the classical Boltzmann distribution:

1 N-1 D-1 N-1
7N, (E) ocexp{—z Y (wi+a)lg P —Bp Y, V”( ) Ck%(jﬁD)) } (2.14)
‘ k=0

k=0 j=0
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A typical choice of the discretization size D is the number of modes N, so that the com-
putational cost per time step is equal to O(NlogN) in the Fast Fourier Transform. It is
natural from (2.4) that the quantum thermal average (O(4)) is approximated as

1Dl

<O(‘7)>ﬁ%<o(ﬂ7)>ﬁ,N,D=/RdN[ ZO( ZCka jBp) >}7TND( )dg.

The long-time simulation of the Matsubara mode PIMD (2.13) at finite N and D then
provides an accurate estimate of the statistical average in the distribution 7ty p(¢), which
is denoted by (O(4))g,n,D-

2.5 Relation to the standard PIMD

We demonstrate the connection between the Matsubara mode PIMD and the standard
PIMD. Suppose the number of modes N is an odd integer and we view {Ck}i\]:’ol as the
normal mode coordinates [37] in the standard PIMD, then the Boltzmann distribution of
the ring polymer beads in the standard PIMD is expressed as

1 N-1 N-1 N-1
exp{—2 Y (wWin+a) |Gl —Bn ) va( y Ckck(jﬁN)> } (2.15)
k=0 j=0 k=0

where {wy n } Ii\]:})l are the normal mode frequencies

wp=0, w =w ism ke k=1 E
0—Y, Zkfl,N_ Zk,N ’BN N 7 4 7 .

Furthermore, the preconditioned Langevin dynamics for sampling (2.15) is written as

ék =Nk,

2 k=0,1,---, N—1.
= ———PP Zvva o (1B0))ek(iBp) ~ 7 | =L By,
wk,N+ kN+

(2.16)
Comparing the dynamics (2.13) and (2.16), we observe the standard PIMD and the Mat-
subara mode PIMD (with odd D = N) are equivalent except for the mode frequencies.
Since the normal mode frequencies satisfy

lim wyny=wy, k=0,1,2,--,
N—oo

we conclude that the Matsubara mode PIMD (2.13) and the standard PIMD (2.16) have
the identical continuum limit, namely the infinite-dimensional Langevin dynamics (2.8).
See Appendix C for the detailed derivation of the normal mode coordinates.
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3 Uniform-in-N ergodicity of the Matsubara mode PIMD

In this section, we prove the uniform-in-N ergodicity of the Matsubara mode PIMD. First,
we present the assumptions and ergodicity results in Section 3.1. Then, we prove the
uniform-in-N ergodicity in the overdamped and underdamped cases in Sections 3.2 and
3.3, respectively. Finally, in Section 3.4, we demonstrate that our proof of the uniform-in-
N ergodicity in the Matsubara mode PIMD applies to the standard PIMD.

3.1 Assumptions and ergodicity results

For the convenience of analysis, in the Matsubara mode PIMD (2.13) we choose the
damping rate v =1, yielding the following underdamped Langevin dynamics:

ék:ﬂkr
Bp R=l_ 2 . (3.1)
=—Cx— A +4/—5—Bs.
Tik=—Ck Tha Z (xn (7Bp)) ek (/Bp) =1k ralk
A closely related dynamics is the overdamped version of (3.1):
b=t B2 T TV an(ipoabo) ¢ B 62
k= "6k~ wk+a N{PD))Ck\]PD w,%—ka ks .

which can be viewed as the overdamped limit of (3.1) as y — oo [38]. The invariant distri-
bution of (3.2) is 7ty p (&) defined in (2.14), and the invariant distribution of (3.1) is

1 N=1 D-1 N—-1
mun@mxexp(—3 ¥ (wh+a(al+ ) -po ¥ v (L aalen)) ). @3
k=0 =0 k=0

Clearly, 7ty p (&) is the marginal distribution of yxy p(&) in the variable & € RYN.

Under appropriate conditions on the potential V(g), we prove that both the over-
damped and underdamped Matsubara mode PIMD in (3.2) and (3.1) possess the
uniform-in-N ergodicity, namely, the convergence rate to the invariant distribution does
not depend on the number of modes N.

Before we conduct a detailed discussion on these results, we enumerate all the as-
sumptions required in the proof, mainly on the potential function V(g) in IR¥.

Assumption 3.1. Given a >0, the potential function
a
Vi@)=V(9)—5lql?, qeR

is twice differentiable in R?, and for some constants M, M, >0:
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Table 1: The uniform-in-N ergodicity of the Matsubara mode PIMD. The relative entropy Enty, ,(f) and
the entropy-like quantity Wy, ,(f) are defined in (3.4) and (3.5).

Uniform-in-N ergodicity of the Matsubara mode PIMD

dynamics overdamped (3.2) underdamped (3.1)
assumption (i) = Theorem 3.1 (1)(ii)(iii) = Theorem 3.2
distribution 7in,p(€) in (2.14) un,p(E,1) in (3.3)

ergodicity | Entr, ,(Pif) < e’Z)‘“EntnN’D (f) | Wynp (Prf) < e’ZAZtWHN,D (f)

(i) V*(q) can be decomposed as V¢(q)+V?(q), where V2V¢(q) 3= Oy and |V’(q)| < My
for any g €RY.

(i) —Myl; % VZV“(q) <Myl for any g cRY.
A special assumption required in the underdamped case is:
(iif) The number of modes N is no larger than the discretization size D, namely, N <D.

Here, I; and Oy are the identity and zero matrix in R?*?. Assumption (i) can be shortly
interpreted as: V¢(q) is globally convex and V?(q) is globally bounded.

Next, we display the ergodicity results of the Matsubara mode PIMD in Table 1. In
Table 1, Enty, , (f) is the relative entropy of the density function f(¢&) in R?V:

Bntayp (f):= /R  flogfdmy,p— /R fdmy plog /R fdmyp, (3.4)

and Wy, , (f) is the entropy-like quantity of the density function f(¢,7) in R*:

M3 = Vi f = Ve fP+IVy S
W.“N,D (f):: (1122+1> Ent.”N,D (f)+1<§(:) w%+a/1112dN I kf o dVN,D- (3-5)

Furthermore, the convergence rates A and A, are given by

2

a
A —exp(—4BM;), Ap——t
1=exp(—4pM), Az 3M2 4502

exp(—4pM;),

Remark 3.1. The convergence rates A, < Aj, and they are exponentially small in the low
temperature limit B — oo if the constant M; >0, which characterizes the non-convexity of
the potential V(7). This is because we utilize the bounded perturbation of the log-Sobolev
inequalities (Proposition 5.1.6 of [31]). However, A, <A does not imply the overdamped
Matsubara mode PIMD converges faster than the underdamped one in practical simu-
lation. With the hypocoercivity methods, it is proved that introducing auxiliary velocity
variables accelerates the convergence of the overdamped Langevin dynamics [38].
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Remark 3.2. Assumption (iii) comes from the discrete orthogonal condition (A.1):
Y c(jBp)a(jBp) =0, 0<k<I<N-1,
=0

which in general is incorrect when N > D. The authors conjecture that the uniform-in-N
ergodicity of the underdamped Matsubara mode PIMD (3.1) also holds true when N> D,
nevertheless no viable strategy is available.

3.2 Uniform ergodicity of overdamped Matsubara mode PIMD

We prove the uniform-in-N ergodicity of (3.2) in the relative entropy using the Bakry-
Emery calculus [31]. The log-Sobolev inequality for the distribution 71y p (&) produces an
explicit convergence rate in high-dimensions.

Theorem 3.1. Under Assumption (i), let (Py)i=o be the Markov semigroup of the overdamped
Matsubara mode PIMD (3.2), then for any positive smooth function f(&) in RN,

Enty, , (Pif) <exp(—2Ait)Enty, ,(f), Vt=0,
where the convergence rate Ay =exp(—4BM, ).

Proof. We study the overdamped Matsubara mode PIMD driven by the convex potential
V¢(q), and prove the corresponding uniform-in-N log-Sobolev inequality. Utilizing the
bounded perturbation, we obtain the uniform-in-N log-Sobolev inequality for (3.2).

1. Ergodicity of overdamped Matsubara mode PIMD driven by V°(g)

For notational convenience, introduce the potential function of the convex part V¢(q):
D-1 D-1 N-1
Vio(@)i= o L V(ax(jBo)) =po X, V< ( L Galjbo) ).
j=0 j=0 k=0

Since V¢(q) is globally convex in RY, it is easy to deduce Vi, p(§) is globally convex in

the mode coordinates ¢ = {Ck}i\];()l (see Lemma A.1 in Appendix A). Next consider the
overdamped Matsubara mode PIMD driven by V§, ,($):

2 .
— A |2 B, k=01, N—1. 3.6
Ck Ck Zta —— Ve Vi p(§)+ Zia k (3.6)

It is easy to see the generator of (3.6) is given by

N-1

LC: Z <€k+wk vékVND((:)> V§k+ E

.
=0 Swita
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and the invariant distribution of (3.6) is

1N—1 D—-1 N-1
tho@sew{ 5 ¥ (@i ralal-po L v ( Laatpo) )| 62
k=0 j=0 k=0

To establish the log-Sobolev inequality for the distribution 71§, ,($), we compute the carré
du champ operator T';(f, f) and the iterated operator I'(f,f) corresponding to the gen-
erator L¢ (see Definition 1.4.2 and Equation (1.16.1) in [31]). By direct calculation,

= VCkf'VCkg

Ty(f,¢)= ,
1(£8) k;) g
— 2 .\72 _ B 5
ro(f g):NZl Vief:Vigg I\]Z:lvgkf'vgkg+l\i1 VCkf'VékCIVﬁI,D(é)'VQS‘
vo(Wita)(wi+a) = wita = (wpta)(wf+a)

Here, the dot product u-B-v for u € R?, Be R and v € R? means
d
u-B-o=u"Bo= Y upBpguy,
pa=1
and the double dot product A: B for A€ R**¢ and B € R**¢ means
d
A:B=Tr[A"B]=Y_ Ap;Bp,.
pa=1

Utilizing the convexity of the potential function V5, ,(¢), we obtain

. IV VR V(@) Ve f N-
n s 3 Vel N Vel Vag o © Vo NS VefP

= wita = (wita)(wita) =

Ti(f.f),

hence the log-Sobolev constant for 7f; () is 1 according to Proposition 5.7.1 of [31]. The
log-Sobolev inequality for 7§, ,(¢) then reads

L L), o 1 1 Ve S . .
Entn&,p(f)<§ kv f an’D_Zkg’)w,%—i—u/leN [; d7ty p- (3.8)

Note that the relative entropy here is defined with respect to the distribution 7f; ()
with V¢(g) rather than the distribution 7ty p (&) with V?(q).

2. Ergodicity of overdamped Matsubara mode PIMD driven by V*(q)

Let Zy,p and Z§ [, be the normalization constants of the distributions 7ty,p (&) and
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n?\f,D (C)/
Zup= [ o (3 L (ol po ): Ve (en o)) ) e,
=0
1N 1 )
Zio= [ woxp (3 L (@h+a) el —po 2 Ve (n(Bo)) ).
RN 25

Using the inequality |V*(q)—V¢(q)|=|V?(q)| < M1, we have

D-1
IVi,0(€)—Vy,p(8)I<Pp Z(;) |V?(xn(jBD))| < BMn,
i=

and thus the constants Zy p and Zyp satisfy

PND ¢ [oxp(~pMy) exp(BMi)
N,D

As a result, the density functions 7ty,p(¢) and 7§ ,($) satisfy

o) Znp
7in,p(§) fofDeXp<

Bo 2 VY(xy ]ﬁD») & [exp(~26M ) exp(25My)].

j=

Using the bounded perturbation (Proposition 5.1.6 of [31]), we obtain from (3.8) that

1N 1 1 |V f’Z
exp( 4'BM1)EntnND(f><2kZ£)w%+a/]RdN C?;— dmn,p

Hence for the rate A; =exp(—4BM; ), the relative entropy has exponential decay,
Enty, , (Pif) <exp(—2A1t)Enty, ,(f), Vt>0,
for any positive smooth function f(¢). O

In particular, the convergence rate A; does not depend on the number of modes N
or the discretization size D, hence we conclude the uniform-in-N ergodicity of the over-
damped Matsubara mode PIMD (3.2).

3.3 Uniform ergodicity of underdamped Matsubara mode PIMD

We prove the uniform-in-N ergodicity of (3.1) in the entropy-like quantity (3.5), and the
main technique is the generalized I' calculus developed in [32,33]. The generalized I'
calculus is an extension of the Bakry—Emery calculus and can be applied on stochastic
processes with degenerate diffusions. The generalized I' calculus is largely inspired from
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the hypocoercivity theory [39] of Villani, and is able to produce an explicit convergence
rate in the relative entropy rather than H! or L2. For convenience, we present a brief
review of the theory of the generalized I' calculus in Appendix C.

Recall that the invariant distribution of the underdamped Matsubara mode PIMD
(3.1)is un,p(&,1) defined in (3.3).

Theorem 3.2. Under Assumptions (i)(ii)(iii), let (P;)¢>o be the Markov semigroup of the under-
damped Matsubara mode PIMD (3.1), then for any positive smooth function f (&) in R?N,

Wiy (Pif) Sexp(=2A2t) Wy, (f), VE20,
where the convergence rate A = ﬁexp(_zjtﬁ My).
2

Proof. The proof is accomplished in several steps. First, we establish the uniform-in-N
log-Sobolev inequality for the distribution px p(¢,77). Second, introduce the functions

N-1 - 2 2
Oy(f) = flogf, @a(f)= Y — VS Ve ST+ Vyf

= wita f

and compute the generalized I' operators I', (f) and I'e,(f). Finally, by validating the
generalized curvature-dimension condition

1 M3
Lo, (f) =5 ®2(f)+ | 7 +1 )T, (f) 20,
we can apply Theorem C.1 to prove the exponential decay of the quantity W(P;f).

1. Uniform-in-N log-Sobolev inequality for un(&,7)
In Theorem 3.1, the log-Sobolev inequality for the distribution 7y p(&) holds true:

1N—1 1 ‘Vé f’Z
A1 Ent <= / k. dnnp,
1En m\I,D(f) > kg(:) w%+a RN f N,D

where the convergence rate Ay =exp(—4pM;). For the velocity variables {17;(},](\]:’01 in RN,
define the Gaussian distribution vy/(7) by its density function:
) 2 N
wnsexp(—; T (@hra)nf), per™,
k=0

then log-Sobolev inequality for vy holds true,

1= 1 [V fI®
Ent <= T2 duy.
nVN(f) ZICX%)CU]%_{’Q/WN f UN
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Since the distribution un p(¢,7)=7Np (&) ®vn (1) is the tensor product, Proposition 5.2.7
of [31] yields the log-Sobolev inequality for the product distribution:

1IN 1 Ve fIP IV fI?
AlEntﬂN,D (f) <§ Z /RZdN Gk f Mk d“l/lN,D,

= wita
where the convergence rate is determined by the smaller one of the rates Ay =
exp(—4BpM;i) and 1, which is A, itself. Note that (3.9) does not imply the ergodicity of
(3.1) directly, because (3.1) has degenerate diffusion in the 5 variable.

(3.9)

2. Calculation of the generalized I operators for ®;(f) and &, (f)

We still use the notation
D-1 N-1 .
Vol@)=po X, V* (L Giebo) ), Ger™,
=0 k=0

and the generator of (3.1) is given by

N-1 N-1 N-1 Ag
L= Z le'vgk_ Z <€k+77k+ vékVND ) v’?k+ Z -
k=0 k=0 —0 C(Jk

By direct calculation, the commutators [L, V¢, ] and [L,V,,] are given by

[L ng] VnﬂLZ 2+ ngglVN,D(C)'Vm/ [L/Vm]zvﬂk_vék-

Inspired from Example 3 of [33], define the functions

N— B ) )
@1 (f)=flogf, <I>2(f):Z1 U VS =Ve /P +IVafl®

= wi+a f

(3.10)

where ®;(f) can be viewed as a twisted form of

= 1 |v§kf|2+|v77kf|2

D

= wita f ’

which appears in the RHS of the log-Sobolev inequality (3.9). From Example C.2 in Ap-
pendix C, the generalized I operator I'g, (f) is given by

N-1 2
T, (f)= ;Z ! Wﬂkﬂ.

mwita f

(3.11)

To compute Ly, (f), we write @5 (f) =10 ! : +a®2k(f), where

Vi =Ve SPHIVRSE o N

Dok (f)= 7 ,
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According to Example C.3 in Appendix C, we have

f'r%,k (f) > (V’ka_v(fkf) ) [Lfvﬂk_vék]f+vﬂkf' [L/vﬂk]f
N-1

1
= ’vﬂkf_vékﬂz_ (V’ka_vékf)' l;:) mvékgl]}g],D(g) 'v'ﬁf‘
Taking the summation over k=0,1,---,N —1, we obtain

nf=Vefl Ni Vi f =V f

N—-1 ’v \V4 f
T > L
f o (f) kgo wl% +a k,1=0 wl% t+a

'Vg’kérvﬁhD(é)‘m~ (3.12)

To further simplify the expression of T's, (f), define the vectors X,Y € RN by

_ N-1 N-1
X = { V’7kf ngf} GIRdN, Y:{ vﬂkf } ERdN, (313)

\Jwita k=0 \Jwi+a? k=0

then the inequality (3.12) can be equivalently written as

X|>-XTzy
Lo, (f)2> XE=x"2Y , (3.14)
f
where the symmetric matrix £ € R¥N*4N g given by
1
T = VieVip(@)eR™, k1=01,- ,N—1.
V (@+a) (@ +a)
By Lemma A.2 we have — %IdN XXX %Isz hence (3.14) directly produces
X2 M x|y

f

In conclusion, the functions @4 (f), ®»(f) and their generalized I operators satisfy

2 2 2 2 M
1 (f) = flogf, <I>z(f)=|X|}r|Y|, rq,l(f):\;jlw _IXP— x|y

rq>2(f) = f 4

where the vectors X,Y € RN are given in (3.13).
3. Generalized curvature-dimension condition produces ergodicity

Let us summarize the functional inequalities. The log-Sobolev inequality (3.9) implies

1 |X+Y)2+|Y[? 3 |X[2+|Y|?
MEntuyp (f)< 2 JRadN fd NDS E/]RZdN fd‘uN’D’
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hence with the expressions of ®;(f) and ®,(f), we can equivalently write

A
231< /}R 2chpl(f)clyN,D—<I>1< ]RZded,uN,D>> < /}R L @2(f)dpnp. (3.16)

The inequality (3.15) implies

1 | X2 =222 X]||Y|—|Y|?
r‘bz(f)_§q>2(f)> a2f ’

and thus using the expression of I'p, (f) we have

1 2

_M 2
Lo, (f) =5 ®2(f) + (%H)r@(f)gw

2f
Utilizing Theorem C.1 in Appendix C, define the entropy-like quantity by

Wi o (f) = <]:§+1> </]RZqu>1(f)dVN,D_q>1 </1RZded.uN,D>> +/]RZqu>2(f)dVN,D-

From the functional inequalities (3.16) and (3.17), we derive the exponential decay

>0. (3.17)

t
Wi, (Pef) <exp (‘ 1+3(M§/az+1)> Wi o (f) Sexp(=2A2t) Wy, (), VEZ0,
A0t/ 1)

which completes the proof. O

The convergence rate A, does not depend on the number of modes N or the discretiza-
tion size D. Nevertheless, Theorem 3.2 requires the special Assumption (iii), i.e., N<D.
3.4 Extension of the standard PIMD

In Theorem 3.2, we have proved the uniform-in-N ergodicity of the underdamped Mat-
subara mode PIMD (3.1) under Assumptions (i)(ii)(iii). In particular, Assumption (iii) is
satisfied when the discretization size D = N or D = . In these two cases, the Boltzmann
distribution of the continuous loop is given by

1N71 N-1 N-1
(D=N) : u(@exp{ —3 T (@h+a) &P+ ) —pw X v* (X Gilibo) ) b
k=0 i=0 k=0
1N—l B . N-1
(D=0 y@exp{ 3 T (Wb o)+ )~ [V (L g Jar .

Theorem 3.2 directly shows the Matsubara mode PIMD for sampling 7ty v (&) and 7ty (&)
has the uniform-in-N convergence rate A, = ﬁexp(—élﬁMl).
2
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Given the ergodicity results of the Matsubara mode PIMD, we can conveniently ex-
tend the uniform-in-N ergodicity to the standard PIMD. Let N be an odd integer, we
employ the N normal mode coordinates {Ck}f(\’;(,l to represent the N beads of the ring

polymer (see Appendix B). The Boltzmann distribution of the N beads is given in (2.15):

std _lN_l 2 2 2y o (E -
HNN (G oxexpy — o kZ (wWien+a) (18" + [7]7) — BN Z(:) |4 kz kek(jBN) ) ¢
—0 = —0

and the standard PIMD for sampling V?\tle(g ,17) is given by

. By =, . . 2 . (3.18)
- — 1% — < B
fe=—Ck P ]Z(:) VV*(xn(iBN)) ek (JBN) =11+ At

where we choose the damping rate oy =1. Similar to the quantity (3.5) in the Matsubara
mode PIMD, we define the entropy-like quantity of f(&,7) in R?N:

std
dVN,N-

N 1 / ‘Vﬂkf_vékf|2+|v77kf|2
(= wi y+a RN f

Utilizing the same approaches with Theorem 3.2, we can prove the uniform-in-N ergod-
icity of the standard PIMD (3.18).

MZ
Wy% (f):= <0122+1> Enty%iiN (f)+

Theorem 3.3. Let N be an odd integer. Under Assumptions (i)(ii), let (P;)i=o be the Markov
semigroup of the standard PIMD (3.18), then for any positive smooth function f(&,n) in R?N,

WV (Pif) < exp(—2A2t)WH§5.ilN (f), Vt=0,

std
N,N
2
_ a
where the convergence rate Ay = Wexp(—élﬁMl ).

From Theorem 3.3, we conclude that the standard PIMD has uniform-in-N ergodicity.

Remark 3.3. The uniform-in-N ergodicity of the standard PIMD (3.18) should also hold
true when N is an even integer, and it requires a slight modification on the normal mode
transform (B.1).

We note that Theorem 3.5 of [36] also provides a result of the dimension-free ergodic-
ity of the PIMD, and the major difference is that [36] studies the preconditioned Hamil-
tonian Monte Carlo (pHMC) rather than the preconditioned Langevin dynamics, which
is a more popular thermostat used in the PIMD [37]. Also, it is required in (3.10) that the
duration parameter in the pHMC needs to be small enough.



X.Ye and Z. Zhou / Commun. Comput. Phys., 38 (2025), pp. 1355-1388 1373

4 Numerical tests

4.1 Setup of parameters and the time average estimator

For several examples of quantum systems, we compute the quantum thermal average
employing the Matsubara mode PIMD (3.1) and the standard PIMD (3.18). For simplicity,
we choose the preconditioning parameter 2 =1 and the damping rate oy =1. Also, the
discretization size D equal to the number of modes N is an odd integer.

In the Matsubara mode PIMD, the quantum thermal average (O(4)) g is approximated
by th statistical average (O(4))p,n,n:

(O(@))p~ (0@ g = |

R

~ [ 1 NZ:O< ) Gker(iBN) )]NNN( &)dz,

where 71y N(¢) is the Boltzmann distribution of the continuous loop defined in (2.14).
Similarly, in the standard PIMD we have the approximation

(O(@))p=~(0(4)) 5NN /]RdN [ < NZlO< Z Sk (jBN) >] i (§)de.

Finally, let i (t) and 7, (t) be the solution to the Matsubara mode PIMD (3.1) or the stan-
dard PIMD (3.18), then the quantum thermal average is computed from the time average

ABNT=1 [ [1N210(2§k (axtipn))]

where T >0 is the simulation time. The accuracy of the simulation can thus be charac-
terized by the time average error A(B,N,T)—(O(4))s, which depends on the number of
modes N and the simulation time T.

For the discretization of the Langevin dynamics, we employ the standard BAOAB
integrator [40], which is widely applied in the molecular dynamics [40,41].

4.2 1D model potential

Let the potential function V(g) and the observable function O(g) be given by

1 . (T
V(q)ziqz—chosq, O(q):sm<2q>, gER™. 4.1)

The exact value of the quantum thermal average (O(4))p is computed from the spectral
method with the Gauss-Hermite quadrature. In the numerical tests, fix the time step
At=1/16 and the simulation time T =5 x 10°.
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4.2.1 Convergence of the time average

We plot the time average error in computing the quantum thermal average (O(4))p in
Fig. 1. The inverse temperature $=1,2,4,8, and the number of modes N=9,17,33,65,129.
The left and right columns show the result of the Matsubara mode PIMD and the stan-
dard PIMD, respectively.
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Figure 1: Time average error in computing the quantum thermal average for the 1D model potential (4.1).
Left: Matsubara mode PIMD. Right: standard PIMD. Top to bottom: the inverse temperature f=1,2,4,8.

Fig. 1 shows that the standard PIMD has a better accuracy than the Matsubara mode
PIMD in all temperatures, and requires a smaller number of modes N for convergence.

4.2.2 Correlation function of mode coordinates

The correlation function of the mode coordinates {{ } ,1(\’:_01 is computed from

(Ck(t)Gk(t+AT)) k
(Ce(t)Ck(t)) 7

where (f(t)) :=lim7_ o T fOT f(t)dt denotes the time average of the function f, and At
is the time interval of two instants recording the coordinate . The exponential decay of
Cx(B,N,A) is an important criterion of the geometric ergodicity.

We compute the correlation functions of the first five mode coordinates {x};_,,
where the inverse temperature $=1,2,4,8, and the number of modes N =9,17,33,65,129.
The correlation functions Cy(B,N,AT) are plotted as the function of AT in Fig. 2.

Cr(B,N,AT):= =0,1,---,N—1,

correlation
correlation

0 5 10 15 20 0 5 10 15 20
time interval time interval
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Figure 2: Correlation functions in the numerical simulation of the 1D potential 4.1. Left: Matsubara mode
PIMD. Right: standard PIMD. Top to bottom: f=1,2,4,8. The centroid mode ¢ is colored in blue, 7, are
colored in red, and 3,4 are colored in yellow.

The coincidence of the correlation functions for various N shows that both the Mat-
subara mode PIMD and the standard PIMD have uniform-in-N ergodicity. Meanwhile,
the separation of the correlation functions for various k verifies the convergence rates
on the different modes can be divergent, and in low temperatures (i.e., B is large), high
frequency modes tend to have a longer correlation time.
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4.3 3D spherical potential

Consider the 3D spherical potential

1 1
V(q)zi\q|2+mz q]=1/ a5 +a5

1377

and we aim to capture the probability distribution of |g|, namely, the Euclidean distance
from the origin in R3. Utilizing the density operator e ¥, the distribution of |g| can be

expressed via the density function

p(r) =5 [ (ale P g)élgl—da, 1

>

=

0, Z=Tr[e F1].

The distribution p(r) is able to characterize the radial observable functions. Choose in-
verse temperature =4, the time step Af=1/32, and the simulation time T=>5 x 10°. In
Fig. 3, we plot the density of |q| while the number of modes N varies in 3,5,9,17,33.
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Figure 3: Probability density of |g| in the simulation of the PIMD. Left: Matsubara mode PIMD. Right
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Fig. 3 shows that as the number of modes N increases, the density function shifts from
the classical distribution (black dashed curve) to the quantum limit. Both the Matsubara
mode PIMD and the standard PIMD correctly computes the correct density function p(r),
however the standard PIMD has better accuracy than the Matsubara mode PIMD when
the number of modes N is small.

5 Conclusion

We prove the uniform-in-N ergodicity of the Matsubara mode PIMD and the standard
PIMD for a general potential function V(g), i.e., the convergence towards the invariant
distribution does not depend on the number of modes (for the Matsubara mode PIMD)
or the number of beads (for the standard PIMD).
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A Additional proofs for Section 3

Lemma A.1. Suppose V°(q) is convex in R?, then for any coordinates & = {Ck}]{i_ol in RN,
D-1
Vi (&) =Bp ) V(xn(jBp))
j=0

is convex in RN, where xn (T) =Y.ty &kcx (T) is the continuous loop with coordinates { &}
Proof. The Hessian matrix of Vy, () is given by
D-1 o
Vi V(@) =Bp Y V*V(xn(jBp))ck(jBp)ci(jBp) € R, k,1=0,1,---,N—1.
j=0
To prove that V{ ,({) is convex, we only need to show for any constants {qy } ML

N-1
S(q.9):="Y a Vi Vip(€)-q1=0.
k,j=0
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By direct calculation, we have
D-1
S(4.9)=pp Y K Z qrer(jBD) ) V2V(xn(jBp)) < Z qici(jBp) )]
j=0 & M k=0
Introduce the variables v; = 211{\1;01 grck(jBp) in R? for j=0,1,---,D—1, then we can write
D-1 ) ‘
S(q9,9)=Pp ), v;-V*V(xn(jBp))-v;
i=0

Since each V2V¢(xn(jBp)) € R?*4 is positive semidefinite, we conclude S(g,4) >0. [

Lemma A.2. Let the positive integers N,D satisfy N < D, and the potential V*(q) satisfies
— Ml =< V2V(q) < M1, in R%. For any coordinates {Z}2_!, define the potential function

D—-1
VEp(&)=pBp Y_ V' (xn(jBp)), E€ER™
j=0

and the matrix © € RN by
1

\/(w,%—i—a)(wf—l—u)

then X satisfies ——ZIdN T M 2N

L= Vi Vip(@)eR™, kl1=01,-,N-1,

Proof. By direct calculation, the Hessian matrix of V{; ,(¢) is given by

D-1
Vi Vip(@)=PBp Y V>V (xn(jBp))ck(jBp)ei(jp) € R,
=0

then for any constants {g;}; ;" in R¢, we have

Ni:l Di1 NZ: 1 o ) I\il a
wzaa=po L (o) ) V2V (xn i) cj6o) )
k=0 j=0 \ k=0 ,/w2+a 1=0 \/w?+a

Next, it is convenient to introduce the variables

N-1 qk
vj=Y ———c(jpp)eR?, j=0,1,--,D-1,

k=0 4/ w,% +a
then we obtain the relation

<BpM; Z ]v]|

J=

2 T Xk g1
kI1=0

E k- Xw 1= Pp ZU] V2V (xn(jBD))-v)

k,1=0 j=




1380 X. Ye and Z. Zhou / Commun. Comput. Phys., 38 (2025), pp. 1355-1388

To estimate the summation Z]Z o' |oi?, we write

2\ 941
Z |v]| klZO \/(wk+a)(wl +a) j= ZCk JP)er(jPo)

Since the integers k,/ < D, we have the discrete orthogonal condition

Oorl, ifk=j,

D-1
Bp E) ck(jBp)ei(jBp) = {0, ikt (A1)

Note that LHS of (A.1) can be 0 when k=j= D is an even integer. Finally, we obtain

D—-1 ) 1N—1 )
Bo Y vilP<= ) > =
j=0 2>

N A2
<= )l (A2)
a4 =0

Since (A.2) holds true for any constants {qk}}(\’:’ol in R?, we have — %IdN <X %IdN. O

B Normal mode coordinates in path integral representation

We employ a slightly different approach from [37] to derive the normal mode coordinates.
For simplicity, we assume the number of modes N is an odd integer. Let {Ck}N ! the
mode coordinates, and define the continuous loop by

N-1
=) &ke(T), TE[0B,
k=0

where {c(-)}; N ", are the Fourier basis functions defined in Section 2.2. Suppose the
discretization size in [0,B] is also N, then the N bead positions of the loop are

xj=xn(jpN) = Z &ke(jBN),  j=0,1,--- N—1. (B.1)

From (A.1), the grid values of ¢i(-) satisfy the normalization condition
N—
By Y ck(iBn)ai(iBn) =dk1, k1=0,1,--- N-1,
=0

where J;; is the Kronecker delta. Then we have the equality

Z |xj|* = 2 1% ch iBN)= Z &% (B.2)
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The same procedure can be used to compute the spring potential

k7
Z]x]—x]H\ —Zx] (2xj—xj_1—xj41) 4Zsm ( 2 )](j 2.

j=0 j=0

By defining the normal mode frequencies

we can conveniently write the spring potential as
1 N-1 ) N-1 5 )
7 E |x]-—x]-+1| = Z wk1N|§k| . (B3)
N j=0 k=0
Recall that in the standard PIMD with N beads, the energy of the ring polymer is
£ (x 262, Z [ = %1+ B Z V(xj),
then we employ the equalities (B.2) and (B.3) to rewrite £59(x) as

—1 N-1
) =5 ¥ Tl Y b T Vi)
=0

j=0

1N_1 N-1 /N-1
=5 (win+a)|Gk*+Bn Y, Vﬂ< )3 ‘:kckU'BN))'

j=0 j=0 k=0

Therefore, the classical Boltzmann distribution in the standard PIMD is given by

INZ , N_lva N-1 _
exp{—zkzo(wk,NJr”NCH —ﬁNj;) (I;)‘:kck(]ﬁl\’))}'

C Generalized I calculus

We review the generalized I' calculus developed in [32,33], which deals with the ergod-
icity of the Markov processes with degenerate diffusions, for example, the underdamped
Langevin dynamics. The generalized T calculus is based on the Bakry—Emery theory [31].

Let {X;}>0 be a reversible Markov process in R?, and (P;)>o be the Markov semi-
group. Let L be the infinitesimal generator of { X; }+>0, and 7 be the invariant distribution.



1382 X. Ye and Z. Zhou / Commun. Comput. Phys., 38 (2025), pp. 1355-1388

Then L is self-adjoint in L?(77). In the classical Bakry-Emery theory, the carré du champ
operator I';(f,¢) and the iterated operator I'»(f,g) are defined by

i(f,8)= 5 (L(fg) ~8Lf ~ f1g),
a(f,8)= 5 (LT (£.9) ~T1(f,Lg) ~Ta(g,Lf))
The curvature-dimension condition CD(p,00) is known as the function inequality
Io(f,f)=pl1(f,f), for any smooth function f.

For a given positive smooth function f in R?, define the relative entropy of f with respect
to the invariant distribution 77 by

Ent,(f) :/]Rdflogfdn—/wfdnlog/ﬂadfdn.
If p>0, then CD(p,o0) implies the log-Sobolev inequality (see Equation (5.7.1) of [31])

Ent,(f)< le , I (j:'f ) dm, for any positive smooth function f, (C.1)
R

and thus the exponential decay of the relative entropy (see Theorem 5.2.1 of [31])
Ent.(P;f) <e *'Ent.(f), Vt=0. (C2)
Inspired from the operators I'1 and I';, we define the generalized I' operator as follows.

Definition C.1. Suppose f is a smooth function, and ®(f) is a function of f and Vf. For
a stochastic process { X; }+>0 with generator L, define the generalized I operator by

Lo (f) = 5 (LO(f) ~dP(f) L),

where d®(f)-g for two smooth functions f,g are given by

s—0 S
The expression of I's(f) can be obtained via the following result (Lemma 5 of [33]).

Lemma C.1. Suppose Cy,Cy are two linear operators and ®(f)=Cyf-Caf, then

To(f)=T1(Cif,Cof )+ %le' [L,Colf+ % [L,Ci]f-Cof,

where T1(-,-) is the classical carré du champ operator.
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In the following we assume the stochastic process { X; };>0 in R? is solved by
dXt:b(Xt)dt+0'dBt, t}O,

where b:R? — RY is the drift force, ¢ € R¥*" is a constant matrix, and {B;};>0 is the
standard Brownian motion in R™. Then the generator of {X;}+> is given by

Lf(x)=b(x)-f(x)+V-(DVf), (C3)

where D = JooT € R?*? is the constant diffusion matrix. For the generator L given in
(C.3), we calculate the I operator I'q (f) with some classical choices of ®.

Example C.1. If ®(f)=|f|?, then we can take C; =C; =1 in Lemma C.1 and obtain

To(f)=T1(f.f) = [ (DV(f*))—2fV(DVf)]=(Vf)'DVF.

N \

In particular, since D € R**? is positive semidefinite, we always have I'y (f) > 0.

Example C.2. If ®(f) = flogf, then by direct calculation we have

T
Folf) = [V (Dlogf + 1)V )~ o +1)1.] = L2V

Example C.3. If ®(f) =|Cf|?/f for some linear operator C, then
Cf-|L,C
Fo(f)> f[ff] (C4)

The proof below is given in Lemma 7 of [33].
Proof. 1t is easy to verify for any smooth functions f,g, there holds
L(fg)=gLf+fLg+2T1(f.8).

By replacing f — |Cf|? and ¢— 1/ f, we have

L(IEB) = Zeaerpy+icrre (7)) +ari(1cs77)

L nerrraierp( L ACF TS f)
—7L(1cs >+|Cf|( Y f3r1<ff>) 1D s

Note that

PN cpp_ dUCSP)-Lf  ~nLf
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Hence from (C.5)-(C.6) and the definition of the generalized I' operator in (C.1), we have

t V) + e+ 2L EED), )

where I'|c. 2 is the generalized T operator induced by the function |Cf |2. Since the matrix
D € R%*4 is positive semidefinite, we have the Cauchy-Swarchz inequality

To(f)2>

IT1(f,CH><T1(f,f)T1(Cf,Cf), for any smooth function f. (C.8)
From (C.7) and (C.8) we obtain
ro() > DUSLENLCHILCY | (AP
\/ !CfPlH (f.f) \/r1<Cf,Cf> _ Cf[LClf
foo - f

Hence we obtain the desired result. O

Now we establish the curvature-dimension conditions for the generalized I' opera-
tors. The following result relates the time derivative of ®(f) with I's(f).

Lemma C.2. Given the constant t >0, for any s € [0,t], we have the equality

PP (1)] =2PTo(Pr-of)(x).

As a consequence, for any t >0,

4 [snsnef s

Proof. Using the chain rule, we have

d d
o [Ps®(Pi—sf)] =LP®(P—s f) +P [D(Pi—sf)]

=LP®(P—sf) +Ps}i_r>réq)(P b—s—rf )r—<1>(Ptsf )

=LP.®(P,_sf)—Pd®(Pr_sf)-LPr_s f
=Py (L®;_sf —d®(P;_sf)-LP;_sf)
=2P.To(Pi_sf).

Integrating the equality over the distribution 71, we obtain

d
" /IR PO(Pof)dm=2 /IR To(Psf)dr. (C.9)
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Since 71 is the invariant distribution, replacing t —s by s in (C.9), we obtain

Cclis/IRdCID(Ptf)dﬁ:—Z/Rchp(Ptf)dﬂ,

which completes the proof. O

By choosing ®(f) = flog f, Lemma C.2 implies

d _d _ (VADVS . I (f,f)
thntn(Ptf)—C“/IRdCD(Ptf)dt——/Rdfdn——/wlfdn. (C.10)

If we have the log-Sobolev inequality (C.1), from (C.10) we have

d

37 Ente(Pef) < —2pEnte(f),

which implies Ent (P; f) <e 2*'Ent,(f), and we recover the result in (C.2).
Now we state the main theorem, which provides the generalized curvature-
dimension condition for degenerate diffusion processes.

Theorem C.1. Let {X; }+>¢ be an ergodic stochastic process with the invariant distribution rt. If
for two functions ®1(f) and P, (f), there hold the functional inequalities

Og/wdn(f)dn—@l </Wfdn> gc/wcpz(f)dn, (C.11)
Lo, (f) 2 pP2(f) —mIe, (f), (C.12)

for some constants c,p,m >0, then by defining the entropy-like quantity

W,T(f):m</w<1>1(f)d7r—<l>1(/]Rdfdrt>>+/WCI>2(f)d7r,

we have the exponential decay

W (Pf) <exp <—2‘”) We(f), V0.

1+mc
The proof below is given in Lemma 3 of [33].
Proof. Using Lemma C.2 and (C.12), we have

W)= | [ e [ ex(rpan]

— /R (T, +Ta,) (Pf)dm< ~2p /R ®y(Pf)dr. (C13)
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Using (C.11) and the definition of W(f), we have

walf) = ( [ @u(ar—a( [ fax))+ [ ox(pn<me) [ @xfdr

Hence (C.13) implies

d 2p
< — — >
dtWﬁ(Ptf)\ 1 CW,I(Ptf), Vt>0,

yielding the desired result. O

References

[1] Kerson Huang. Statistical Mechanics. John Wiley & Sons, 2008.

[2] Donald A. McQuarrie. Statistical Mechanics. Sterling Publishing Company, 2000.

[3] Peter W. Atkins, Julio De Paula, and James Keeler. Atkins” Physical Chemistry. Oxford Uni-
versity Press, 2023.

[4] Neil W. Ashcroft and N. David Mermin. Solid state physics. Cengage Learning, 2022.

[5] Subir Sachdev. Quantum phase transitions. Physics World, 12(4):33, 1999.

[6] Steven A. Orszag. Comparison of pseudospectral and spectral approximation. Studies in
Applied Mathematics, 51(3):253-259, 1972.

[7] Jie Shen, Tao Tang, and Li-Lian Wang. Spectral Methods: Algorithms, Analysis and Appli-
cations. Springer, 41, 2011.

[8] Richard P. Feynman, Albert R. Hibbs, and Daniel F. Styer. Quantum Mechanics and Path
Integrals. Courier Corporation, 2010.

[9] William H. Miller. Path integral representation of the reaction rate constant in quantum
mechanical transition state theory. The Journal of Chemical Physics, 63(3):1166-1172, 1975.

[10] Ian R. Craig and David E. Manolopoulos. Chemical reaction rates from ring polymer molec-
ular dynamics. The Journal of Chemical Physics, 122(8):084106, 2005.

[11] Xuecheng Tao, Philip Shushkov, and Thomas F. Miller. Microcanonical rates from ring-
polymer molecular dynamics: Direct-shooting, stationary-phase, and maximum-entropy
approaches. The Journal of Chemical Physics, 152(12), 2020.

[12] Gregory A. Voth. Feynman path integral formulation of quantum mechanical transition-
state theory. The Journal of Physical Chemistry, 97(32):8365-8377, 1993.

[13] Edit Matyus, David J. Wales, and Stuart C. Althorpe. Quantum tunneling splittings from
path-integral molecular dynamics. The Journal of Chemical Physics, 144(11):114108, 2016.

[14] Christophe L. Vaillant, David J. Wales, and Stuart C. Althorpe. Tunneling splittings from
path-integral molecular dynamics using a Langevin thermostat. The Journal of Chemical
Physics, 148(23):234102, 2018.

[15] Scott Habershon, David E. Manolopoulos, Thomas E. Markland, and Thomas F. Miller III.
Ring-polymer molecular dynamics: Quantum effects in chemical dynamics from classical
trajectories in an extended phase space. Annual Review of Physical Chemistry, 64:387-413,
2013.

[16] Ian R. Craig and David E. Manolopoulos. Quantum statistics and classical mechanics: Real
time correlation functions from ring polymer molecular dynamics. The Journal of Chemical
Physics, 121(8):3368-3373, 2004.



X.Ye and Z. Zhou / Commun. Comput. Phys., 38 (2025), pp. 1355-1388 1387

[17] Seogjoo Jang and Gregory A. Voth. A derivation of centroid molecular dynamics and other
approximate time evolution methods for path integral centroid variables. The Journal of
Chemical Physics, 111(6):2371-2384, 1999.

[18] Jianshu Cao and Gregory A. Voth. The formulation of quantum statistical mechanics based
on the Feynman path centroid density. III. Phase space formalism and analysis of centroid
molecular dynamics. The Journal of Chemical Physics, 101(7):6157-6167, 1994.

[19] Michael]. Willatt. Matsubara dynamics and its practical implementation. PhD thesis, Cambridge
University, 2017.

[20] Timothy J. H. Hele, Michael J. Willatt, Andrea Muolo, and Stuart C. Althorpe. Boltzmann-
conserving classical dynamics in quantum time-correlation functions: “Matsubara dynam-
ics”. The Journal of Chemical Physics, 142(13):134103, 2015.

[21] Jianshu Cao and Glenn ]J. Martyna. Adiabatic path integral molecular dynamics methods.
II. Algorithms. The Journal of Chemical Physics, 104(5):2028-2035, 1996.

[22] Mark E. Tuckerman, Dominik Marx, Michael L. Klein, and Michele Parrinello. Efficient
and general algorithms for path integral Car-Parrinello molecular dynamics. The Journal of
Chemical Physics, 104(14):5579-5588, 1996.

[23] Thomas E. Markland and David E. Manolopoulos. An efficient ring polymer contrac-
tion scheme for imaginary time path integral simulations. The Journal of Chemical Physics,
129(2):024105, 2008.

[24] Bruce ]. Berne and D. Thirumalai. On the simulation of quantum systems: Path integral
methods. Annual Review of Physical Chemistry, 37(1):401-424, 1986.

[25] Jianfeng Lu and Zhennan Zhou. Path integral molecular dynamics with surface hopping
for thermal equilibrium sampling of nonadiabatic systems. The Journal of Chemical Physics,
146(15), 2017.

[26] Xinzijian Liu and Jian Liu. Path integral molecular dynamics for exact quantum statistics of
multi-electronic-state systems. The Journal of Chemical Physics, 148(10), 2018.

[27] Jianfeng Lu, Yulong Lu, and Zhennan Zhou. Continuum limit and preconditioned Langevin
sampling of the path integral molecular dynamics. Journal of Computational Physics,
423:109788, 2020.

[28] Roman Korol, Nawaf Bou-Rabee, and Thomas E. Miller. Cayley modification for strongly
stable path-integral and ring-polymer molecular dynamics. The Journal of Chemical Physics,
151(12), 2019.

[29] Rob D. Coalson. On the connection between Fourier coefficient and discretized Cartesian
path integration. The Journal of Chemical Physics, 85(2):926-936, 1986.

[30] Charusita Chakravarty, Maria C. Gordillo, and David M. Ceperley. A comparison of the
efficiency of Fourier-and discrete time-path integral Monte Carlo. The Journal of Chemical
Physics, 109(6):2123-2134, 1998.

[31] Dominique Bakry, Ivan Gentil, Michel Ledoux, et al. Analysis and Geometry of Markov
Diffusion Operators. Springer, 103, 2014.

[32] Pierre Monmarché. Hypocoercivity in metastable settings and kinetic simulated annealing.
Probability Theory and Related Fields, 172(3-4):1215-1248, 2018.

[33] Pierre Monmarché. Generalized I' calculus and application to interacting particles on a
graph. Potential Analysis, 50(3):439—-466, 2019.

[34] James Glimm and Arthur Jaffe. Quantum Physics: A Functional Integral Point of View.
Springer Science & Business Media, 2012.

[35] Xuda Ye and Zhennan Zhou. Efficient sampling of thermal averages of interacting quantum
particle systems with random batches. The Journal of Chemical Physics, 154(20), 2021.



1388 X. Ye and Z. Zhou / Commun. Comput. Phys., 38 (2025), pp. 1355-1388

[36] Nawaf Bou-Rabee and Andreas Eberle. Two-scale coupling for preconditioned Hamiltonian
Monte Carlo in infinite dimensions. Stochastics and Partial Differential Equations: Analysis and
Computations, 9:207-242, 2021.

[37] Jian Liu, Dezhang Li, and Xinzijian Liu. A simple and accurate algorithm for path inte-
gral molecular dynamics with the Langevin thermostat. The Journal of Chemical Physics,
145(2):024103, 2016.

[38] Yu Cao, Jianfeng Lu, and Lihan Wang. On explicit L?>-convergence rate estimate for under-
damped Langevin dynamics. arXiv preprint arXiv:1908.04746, 2019.

[39] Cédric Villani. Hypocoercivity. Number 949-951. American Mathematical Soc., 2009.

[40] Ben Leimkuhler and Charles Matthews. Molecular dynamics. Interdisciplinary Applied Math-
ematics, 39:443, 2015.

[41] Marco Lauricella, Letizia Chiodo, Fabio Bonaccorso, Mihir Durve, Andrea Montessori, Adri-
ano Tiribocchi, Alessandro Loppini, Simonetta Filippi, and Sauro Succi. Multiscale Hy-
brid Modeling of Proteins in Solvent: SARS-CoV2 Spike Protein as test case for Lattice
Boltzmann—All Atom Molecular Dynamics Coupling. arXiv preprint arXiv:2305.05025, 2023.



